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Abstract

This paper provides a critical analysis of extreme value mixture models for the approximation of

heavy-tailed insurance loss distributions. In a Bayesian framework, we consider various extreme value

mixture models with different degrees of complexity. Based on an empirically calibrated distribution

of windstorm losses, we perform a comprehensive simulation study and examine the accuracy of the

tail approximation, extrapolation to out-of-sample quantiles, variation of results across different data

sets, and influence of outliers. Moreover, the models are applied to samples of U.S. hurricane losses

and fire insurance losses reported by Aon Re Belgium. Our analysis shows a substantial variation of

the results across different samples and a substantial impact of extreme observations. In comparison

to the peaks-over-threshold approach, the extreme value mixture model approach leads to a good tail

fit for the distribution of windstorm losses. For the samples of hurricane and fire losses, in contrast,

the estimation errors are substantially higher than under the peaks-over-threshold method. The tail

fit is not robust with regard to the adequacy of the bulk model distribution and the choice of an

inappropriate bulk component can lead to very low thresholds and biased tail estimates.

Keywords: Extreme Value Mixture Models, Peaks-Over-Threshold-Approach, Bayesian Analysis,

Extreme Insurance Losses, Heavy Tails, Simulation Study



1 Introduction

The risk of extreme losses due to natural disasters or other extreme events (e.g., fire, medical malprac-

tice, business interruption) results in heavy-tailed loss distributions in various insurance lines. An exact

estimation of the probability of large losses is important for economic capital calculations, reinsurance

pricing, and pricing of insurance derivatives (e.g., cat bonds), but very difficult because only very few

extreme observations are available. Since the publication of McNeil (1997), the peaks-over-threshold

(POT) approach of classical extreme value theory has become a popular method for the approximation

of the tails of unknown distributions, especially in the case of heavy tails. Under the POT approach,

the distribution of excesses over a high threshold is approximated by a generalized pareto distribution

(GPD). While theoretically founded, the approach is often difficult to implement because of the need to

choose an adequate threshold. In many cases, it is impossible to identify a unique threshold and the tail

fit strongly depends on the chosen threshold (see, e.g., Scarrott and MacDonald, 2012).

In the meantime, numerous threshold selection methods have been proposed (for an overview, see

Scarrott and MacDonald, 2012). One major class is formed by the so-called extreme value mixture models

(EVMMs). These model the whole distribution by combining a certain distribution for the non-extreme

range (the bulk, see, e.g., Scarrott and MacDonald, 2012) and a GPD for the tail. The threshold is an

additional parameter that separates the central part and the tail and is estimated from the data together

with the remaining parameters. Thus, the threshold is not fixed ex ante and not the result of the sub-

jective choice of the statistician (see, e.g., Scarrott and MacDonald, 2012).

The development of the EVMM approach has been largely driven by the work of Behrens et al. (2004).

They proposed one of the first EVMMs, a combination of a gamma distribution and the GPD. Sub-

sequently, various alternatives with different or more flexible bulk models were introduced (see, e.g.,

Tancredi et al., 2006, MacDonald et al., 2011, Do Nascimento et al., 2012, Fúquene Patiño, 2015). More-

over, alternative forms of EVMMs were developed, such as mixtures with a GPD for both the upper

and the lower tail (see, e.g., Zhao et al., 2010, and MacDonald et al., 2013), mixtures with a pareto tail

(instead of a GPD tail, see, e.g., Cooray and Ananda, 2005, Scollnik, 2007, Scollnik and Sun, 2012), or the

mixture of hybrid paretos by Carreau and Bengio (2009). Very comprehensive and structured overviews

of the whole range of EVMMs are given by Scarrott and MacDonald (2012) and Scarrott (2016).

The accuracy of the EVMM approximation is shown by a series of simulation studies and applications

to empirical data sets. The simulation studies are based on samples generated by the mixture models

themselves (see, e.g., Behrens et al., 2004) or from some standard parametric distributions (e.g., gamma,

inverse gamma, chi-squared in MacDonald et al., 2013), which are not necessarily representative for insur-

ance loss distributions. In addition, empirical applications to insurance losses are scarce and the majority

of extreme value mixture models are only applied to the well-known data set of Danish fire insurance

losses (see, e.g., Scollnik, 2007, Bee, 2012, Lee et al., 2012) and a sample of reinsured automobile losses

(see Wong and Li, 2010, and Laas, 2016). There are numerous analyses for environmental data sets

(see, e.g., Tancredi et al., 2006, Do Nascimento et al., 2012, Oumow et al., 2012, Fúquene Patiño, 2015),

but the distributions of several environmental variables are not as heavy-tailed as typical insurance loss

distributions for claims from fire and natural catastrophes (see, e.g., Reiss and Thomas, 2007, p. 355,

Schmutz and Doerr, 1998, p. 12, and the estimated tail indices in the aforementioned papers). Moreover,

various papers deal with financial returns (see, e.g., Cabras and Castellanos, 2009, Zhao et al., 2010,
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Zhao et al., 2011, So and Chan, 2014), but the possibility of negative returns involves the choice of bulk

models with unlimited support (in contrast to a bounded support for insurance loss distributions). The

application to financial returns further requires an extended EVMM approach that accounts for the high

temporal dependence via a GARCH model or an alternative method (see, e.g., Zhao et al., 2010, Zhao

et al., 2011, So and Chan, 2014).

Comparisons between different EVMMs are also scarce. The most comprehensive comparison is given in

the paper of Hu (2013). He also examines the effect of the model flexibility in terms of the introduction

of a continuity constraint and the definition of the tail fraction. However, his analysis does not include

mixtures with lognormal bulk models and the approach of Cabras and Castellanos (2011). In addition,

due to several shortcomings of the maximum likelihood (ML) estimation of Hu (2013) (see Scarrott,

2016), further analyses are necessary. The ML method has the disadvantage that it provides only one

single estimate for the threshold (see, e.g., Scarrott and MacDonald, 2012). Thus, the plausibility of

various thresholds, which is typical for EVMMs and the POT approach, is neglected (see, e.g., Scarrott

and MacDonald, 2012, and Scarrott, 2016). The Bayesian approach, in contrast, leads to a full distri-

bution of possible thresholds (see, e.g., Scarrott and MacDonald, 2012). In addition, in many cases, the

optimisation of the likelihood is difficult and may only lead to a local maximum (see, e.g., Scarrott, 2016).

This problem may especially arise in the study of Hu (2013), as he only considers the 90% quantile as

initial value for the threshold in the optimisation (see also Scarrott, 2016).

A potential problem of the EVMM approach is the mutual dependence of the fit of the bulk and tail

models (see Scarrott, 2016). If the bulk model is inadequate, the estimate for the threshold might be

rather low and the tail approximation unsatisfactory. In order to check whether this is a relevant issue for

insurance loss distributions, further analyses are necessary. As the estimation of extreme value mixture

models requires substantial efforts, the EVMM approach is only worthwhile if it leads to a considerably

higher accuracy than alternative, less complex methods. We therefore apply the EVMM method to two

empirical data sets of U.S. hurricane losses and fire insurance claims (reported by Aon Re Belgium)

and compare the resulting fit to the fit obtained via other methods (the POT approach and standard

parametric approximations). To the knowledge of the author, the EVMM approach has not been applied

to hurricane losses so far. Moreover, the distribution of Aon Re Belgium fire insurance losses seems to

involve a considerably higher risk of very extreme claims than the Danish fire insurance loss distribution.

We further perform a comprehensive simulation study based on a realistic distribution of European wind-

storm losses that was generated by Risk Management Solutions, Inc., by means of a catastrophe model.1

This way, we combine the benefits of an empirical analysis and a simulation study and get further insights

into the effects of the sample size, extrapolation, effects of outliers, and variability of the results.

Within a Bayesian framework, we examine and compare various EVMMs with different complexities of

the bulk distribution. In particular, the following bulk models are taken into account: a gamma distribu-

tion as proposed by Behrens et al. (2004), a lognormal distribution (see, e.g., Scollnik, 2007, and Cabras

and Castellanos, 2011), a weibull distribution (see, e.g., Cabras and Castellanos, 2011, and Scollnik and

Sun, 2012), the boundary corrected kernel density proposed in MacDonald et al. (2013), and the semi-

parametric density estimator in Cabras and Castellanos (2011). The models are considered both under

a continuity constraint for the mixture density and without the requirement of continuity. In addition,

different assumptions with regard to the tail fraction are analysed.

1I am very grateful to RMS and Laurent Marescot for providing the data. For the disclaimer, see Appendix B.
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The main result of our analysis is that the accuracy in the tail approximation under the EVMM ap-

proach varies substantially between different applications. Compared to the POT method with a “naive”

selection of the threshold, the EVMM approach permits a good tail estimation and extrapolation for

the windstorm losses, but fails for the hurricane and fire losses (at least for the models considered here).

Although a more flexible model parameterisation can slightly improve the fit, it cannot compensate the

inadequacy of the bulk model. Moreover, in the case of a relatively small sample, we observe a great

impact of the composition of the data set at hand and the existence of outliers on the estimation results.

Our paper contributes to the aforementioned literature on EVMMs and the literature on the approxi-

mation of heavy-tailed insurance loss distributions (see, e.g., Cummins et al., 1990, Bolancé et al., 2003,

Balasooriya and Low, 2008, Guillen et al., 2011, Ahn et al., 2012, Eling, 2012). It provides new insights

into the mechanics of the EVMM approach (e.g., its robustness with regard to outliers) that may be

helpful in further developments of extreme value mixture models. In addition, our results and implica-

tions can support insurers and other potential users (e.g., regulators for the design of regulatory capital

standards) in their decision whether and in which form they should implement the EVMM approach.

This paper is structured as follows: Sections 2 and 3 give a short overview of EVMMs and their Bayesian

estimation. The main part of the paper, Section 4, presents the simulation study and empirical applica-

tions. Section 5 provides several implications and Section 6 contains our conclusions.

2 Theoretical Framework

2.1 The Peaks-Over-Threshold Approach

Before introducing the EVMM method, it is helpful to give a short description of the POT approach of

classical extreme value theory. For this, let X be a random variable with distribution function F and

upper end point xF := sup{x : F (x) < 1} ≤ ∞ (for this section, refer to McNeil et al., 2005). In the

center of the POT models is the generalized pareto distribution. Its distribution function is given by:

Gσ,ξ(y) =







1 − (1 + ξ · y
σ )−1/ξ, ξ 6= 0

1 − exp(− y
σ ), ξ = 0

(1)

with y ≥ 0 for ξ ≥ 0 and y ∈ [0,−σ/ξ] for ξ < 0. The parameters σ > 0 and ξ ∈ R determine the scale

and shape of the GPD, respectively. It has a short tail for ξ < 0, an exponentially decaying tail for ξ = 0,

and a heavy tail in the case of ξ > 0. Moreover, the rth moment only exists if r < 1/ξ.

The POT approach is based on the work of Balkema and de Haan (1974) and Pickands (1975). They

show that for a large class M of distributions, the conditional distribution Fu(y) := P(X −u ≤ y|X > u)

of excesses of X over a threshold u converges to a GPD as the threshold is raised towards xF . The class

M is called Maximum Domain of Attraction of the generalized extreme value (GEV) distribution, and

it essentially comprises all common continuous distributions.2

2More formally, they show the following (see, e.g., Embrechts et al., 2008, for details): Let Mξ be the maximum domain
of attraction of the generalized extreme value distribution with shape parameter ξ ∈ R. Then F ∈ Mξ if and only if
limu↑xF

sup0<y<xF−u |Fu(y)−Gξ,σ(u)(y)| = 0 for some positive function σ(u).
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Justified by this theoretical result, under the POT method, the excess distribution of X over a high

threshold u is approximated by a GPD. Thus, it is assumed that there exists a value u < xF with:

P(X − u ≤ y|X > u) = Gξ,σu
(y),

approximately for all excesses 0 < y < xF − u and appropriate parameters σu > 0 and ξ ∈ R, or,

equivalently:

P(X ≤ x|X > u) = Gσu,ξ(x− u) =: G(x|u, σu, ξ),

approximately for all exceedances x > u. Setting φu := P(X > u), this implies for the unconditional

distribution (see, e.g., MacDonald et al., 2013):

P(X ≤ x) = (1 − φu) + φu ·G(x|u, σu, ξ). (2)

It can be easily shown that if Fu is a GPD with shape ξ and scale σu, then for all higher thresholds

v > u, the distribution of excesses over v is also a GPD with the same shape parameter ξ and scale

σv = σu + ξ · (v − u). This property is called threshold stability of the GPD and shows the threshold

dependence of the scale parameter.

The POT approach has the advantage that no specific distribution has to be assumed. Instead, it suffices

that the unknown distribution belongs to M. A major drawback is the need to choose an appropriate

threshold u. There is frequently high uncertainty concerning the location of the threshold, and more

thresholds are plausible (see, e.g., Scarrott and MacDonald, 2012). Furthermore, as shown in several

applications, the estimated parameters and extreme quantiles may depend considerably on the selected

threshold (see, e.g., Scarrott and MacDonald, 2012). Traditionally, graphical tools such as the mean-

excess-plot or threshold-stability-plot have been used. However, decisions based on these plots are rather

subjective (see, e.g., Scarrott and MacDonald, 2012). In order to resolve the threshold selection problem,

a variety of methods have been proposed (for a comprehensive overview see Scarrott and MacDonald,

2012). These range from simple rules of thumb to complex resampling methods and mixture models.

The latter will be described in the following section.

2.2 Extreme Value Mixture Models

2.2.1 General Form of EVMMs

Extreme value mixture models provide a way to automate the threshold selection. Although their specific

forms differ, most EVMMs extend the GPD model of the POT approach to the whole range of the distribu-

tion by combining it with certain model for the non-extreme part (see, e.g., Scarrott and MacDonald, 2012,

and Scarrott, 2016). The two components are connected at the threshold u, which is an additional pa-

rameter that has to be determined in the estimation process (see, e.g., Scarrott and MacDonald, 2012,

and Scarrott, 2016). Thus, the distribution function can be written as (see, e.g., Scarrott, 2016):

FMM (x|θ, u, σu, ξ) =







(1 − φu) · H(x|θ)
H(u|θ) , x ≤ u

(1 − φu) + φu ·G(x|u, σu, ξ), x > u.
(3)

Here, H(·|θ) denotes the distribution function for the bulk range of the data and θ = (θ1, ..., θK) is the

corresponding parameter vector. The bulk model may be parametric, semiparametric or nonparametric
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(see Scarrott and MacDonald, 2012). The parameter φu determines the tail fraction. Frequently, it is

specified by the bulk model by setting φu = 1−H(u|θ) (see, e.g., Behrens et al., 2004, and Do Nascimento

et al., 2012). However, some authors also treat it as an extra parameter that has to be estimated from

the data (see, e.g., MacDonald et al., 2011). In the case of maximum likelihood estimation, φu then

corresponds to the proportion of observations above the threshold u (see, e.g., Scarrott, 2016). Following

Scarrott (2016), we refer to the two approaches as bulk model based tail fraction (BTF) and parameterised

tail fraction (PTF) approach, respectively.

The densities of the whole mixture model (3), the bulk component, and the GPD are denoted with fMM ,

h, and g, respectively. Figure 1 gives an example for the density and distribution function of a mixture

model with gamma bulk component. In general, the density fMM is not continuous at the threshold.

As continuity seems physically reasonable (see, e.g., Scarrott and MacDonald, 2012, and Scarrott, 2016),

several EVMMs include a continuity constraint (see, e.g., Scollnik, 2007, and, Carreau and Bengio, 2009).

A continuous mixture density can be obtained via a restriction of the parameters of the bulk or tail model

(see Scarrott, 2016). If the continuity constraint is imposed on σu, this parameter is given by (see Scarrott,

2016):

σc
u = c(θ, u, φu) =

H(u|θ)

1 − φu
·

φu

h(u|θ)
. (4)
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Figure 1: EVMM Density and Cumulative Distribution Function

This figure shows the density (left plot) and cumulative distribution function (right plot) for an EVMM. The bulk model is a
gamma distribution with shape 1.1 and scale 1.5, the threshold u is located at the 90% quantile of the bulk distribution (i.e.,
u = 3.7), the GPD parameters are σu = 0.75 and ξ = 0.5, and the BTF approach is used.

The likelihood function for an independent sample x = (x1, ..., xn) from FMM can be easily calculated

by deriving the density from (3). For ξ 6= 0 (the case ξ = 0 is analogous), it is the product (see, e.g.,

Scarrott, 2016):

LMM (θ, u, σu, ξ|x) =
∏

i:xi≤u

(1 − φu) ·
h(xi|θ)

H(u|θ)
·

∏

i:xi>u

φu · g(xi|u, σu, ξ)

=

(

1 − φu

H(u|θ)

)nb

· (φu)nu ·
∏

i:xi≤u

h(xi|θ) ·
∏

i:xi>u

1

σu

(

1 +
ξ(xi − u)

σu

)− 1+ξ
ξ

. (5)

In this formula, nu denotes the number of threshold exceedances xi > u, and nb = n−nu. If a continuity

constraint is introduced via σu, the likelihood function is given by (see, e.g., Scarrott and Hu, 2015):

LMMC(θ, u, ξ|x) = LMM (θ, u, σc
u, ξ|x) with σc

u = c(θ, u, φu). (6)
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2.2.2 Details about the Mixture Models Considered in the Paper

In the meantime, a multitude of EVMMs with various bulk distributions and of different forms have been

proposed (see Scarrott, 2016). In this paper, we focus on mixtures defined by (3) and bulk models with

support R
+. In detail, the following models are considered:3

• Gammagpd(con) mixtures (models 1a to 1d): EVMMs with distribution function (3) and gamma

bulk model H (as proposed by Behrens et al., 2004). The ending con marks the model with

continuity constraint (4).

• Lognormgpd(con) mixtures (models 2a to 2d): The bulk component H in (3) is a lognormal distri-

bution (see, e.g., Scollnik, 2007, Cabras and Castellanos, 2011, Bee, 2012).

• Weibullgpd(con) mixtures (models 3a to 3d): Mixture models of the form (3) with a weibull distri-

bution H (see, e.g., Cabras and Castellanos, 2011, and Scollnik and Sun, 2012).

• Semipargpd mixture (model 4): The semiparametric mixture of Cabras and Castellanos (2011).

This mixture slightly differs from the remaining models. For a given value of u, they set φu = nu/n,

approximate the truncated density h(x)1{x≤u}/H(u) semiparametrically, and replace the likelihood

function (5) by the profile likelihod (for details, see Cabras and Castellanos, 2011). The truncated

bulk density is approximated by means of the method proposed by Lindsey (1974a,b) (see also

Efron and Tibshirani, 1996).

• Kernelgpd(con) mixtures (models 5a to 5d): Extreme value mixture distributions as defined by (3)

with a boundary corrected kernel density estimator for the bulk component H. The parameter θ

is the bandwidth λ. This model is proposed by MacDonald et al. (2013). In order to reduce the

computational burden, we use a boundary correction method that does not require renormalization

(the reflection method of Boneva et al., 1971).

The lowercase letter a in the model number refers to the model version with PTF approach (i.e., φu is

an additional parameter) and no continuity constraint. The letter b denotes the non-continuous mixture

with BTF approach (i.e., φu = 1 −H(u|θ)). The models with continuity constraint are referred to by c

and d in the case of the PTF and BTF approach, respectively.

3 Bayesian Inference for EVMMs

3.1 Prior Distributions

Under the Bayesian framework, a whole distribution of the unknown parameters (the so-called posterior

distribution) is derived based on the information provided by the data (in form of the likelihood) and prior

knowledge about the parameters or related quantities (for an introduction into the Bayesian methodology,

see, e.g., Gelman et al., 2013). The prior information is expressed in form of so-called prior distributions.

We choose the same priors as in Laas (2016).4

3For the mixtures with gamma, lognormal, and weibull bulk components, we use the model names from the R-package
evmix (see, Scarrott and Hu, 2015). The kernelgpd(con) mixture in this paper corresponds to the bckdengpd(con) model
in the evmix package.

4In our paper, we assume that no expert information is available. Thus, the prior parameters are calibrated so as to obtain
very low-informative prior distributions with high variances (see Section 4.1.2). In this case, the choice of the specific type
of the prior distribution (e.g., lognormal or gamma) should not influence the posterior distribution (see Gelman et al.,
2013, p. 54). We therefore rely on the prior distributions commonly used in the literature.
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Priors for the Bulk Parameters The prior πB(θ|η) for the parameters θ of the bulk model depends

on the considered EVMM (η denotes the prior parameters). For the lognormgpd(con) mixture, we

choose the product of a normal distribution for the mean and an inverse gamma distribution for the

variance. This prior is used in several papers with Bayesian estimation of the parameters of a normal

or lognormal distribution (see, e.g. Richardson and Green, 1997, and de Alba, 2006). With regard to

the gammagpd(con) mixture, we follow Wiper and Rios (2001) and Do Nascimento et al. (2012) and

assume a gamma prior for the shape parameter and an inverse gamma distribution for the mean (i.e.,

the ratio of the shape and rate). In order to estimate the posterior for the weibullgpd(con) EVMM, a

gamma prior is specified for the weibull shape parameter (see, e.g., Tsionas, 2002, and Maŕın et al., 2005).

Moreover, a normal prior is defined for the logarithm of the scale. We also try gamma priors for both

weibull parameters and the vague prior derived by Sinha (1986), but this leads to convergence problems

of the Markov chains for various samples. For the Bayesian estimation of the kernelgpd(con) mixture, an

inverse gamma prior for λ2 is used by MacDonald et al. (2013), as proposed by Brewer (1998) and Brewer

(2000). However, this prior may lead to problems if λ2 < 0.5 is very likely (see MacDonald, 2011). We

therefore refer to Zhang et al. (2006) and assume a Cauchy distribution for the bandwidth λ. In order

to take the positivity of λ into account, we truncate the Cauchy distribution at zero.

Prior for the Threshold The prior πu for u is frequently assumed to be a normal distribution that

is truncated from below at some low value, e.g., the minimum of the data (see, e.g., Behrens et al.,

2004, MacDonald et al., 2011, Do Nascimento et al., 2012). To ensure the existence of sufficient data

for the estimation both below and above the threshold, Cabras and Castellanos (2011) choose a uniform

prior over the range
[

x(K+1);x(n−2)

]

. Combining both approaches, we use a truncated normal N(mu, s
2
u)

distribution with lower boundary x(K+1) and upper boundary x(n−2).
5

Prior for the GPD Parameters For the EVMM without continuity constraint, a joint prior for σu

and ξ has to be defined. In the meantime, several priors have been proposed (some examples can be found

in Stephenson and Ribatet, 2006, and Northrop and Attalides, 2014). If expert knowledge is available, a

common approach is the method of Coles and Tawn (1996). They derive a prior for σu and ξ from expert

information about the extreme quantiles of the underlying distribution. In the non-informative case

(assumed in our paper), Jeffrey’s prior as developed by Castellanos and Cabras (2007) is a widely-used

alternative (see, e.g., Do Nascimento et al., 2012, and Fúquene Patiño, 2015). It is given by:

πT (σu, ξ) ∝ σ−1
u · (1 + ξ)−1 · (1 + 2ξ)−1/2, ξ > −0.5, σu > 0 (7)

and always leads to a proper posterior density (see Castellanos and Cabras, 2007). Due to our focus on

heavy-tailed distributions, the restriction ξ > −0.5 should be appropriate (see Villa, 2015).

If a continuity constraint is imposed, σu is determined by the bulk model and u. For the shape parameter

ξ, we choose a normal distribution with positive mean mξ and variance s2ξ . This prior is denoted by πTC .

3.2 Posterior Distribution

The posterior distribution is proportional to the product of the likelihood and the joint prior of all

parameters (see, e. g., Gelman et al., 2013). Typically, the parameters of the different model compo-

nents are assumed to be independent (see, e.g., Behrens et al., 2004, Cabras and Castellanos, 2011,

5x(k) denotes the kth order statistic of the sample.
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Do Nascimento et al., 2012). Thus, the posterior πMM of the unconstrained EVMM fulfills (see, e.g.,

Cabras and Castellanos, 2011):

πMM (θ, u, σu, ξ|η,mu, s
2
u,x) ∝ LMM (θ, u, σu, ξ|x) · πB(θ|η) · πu(u|mu, s

2
u) · πT (σu, ξ). (8)

In the case of the mixture with continuity constraint, we obtain:

πMMC(θ, u, ξ|η,mu, s
2
u,mξ, s

2
ξ ,x) ∝ LMMC(θ, u, ξ|x) · πB(θ|η) · πu(u|mu, s

2
u) · πTC(ξ|mξ, s

2
ξ). (9)

For the (pseudo)posterior of the semipargpd mixture, we refer to Cabras and Castellanos (2011).

The assumption of independent priors for u and (σu, ξ) negates the threshold dependence of the scale

parameter (see, e.g., Scarrott and MacDonald, 2012). The parameter dependence can be resolved by

means of the Poisson point process approach (see, e.g., Tancredi et al., 2006, MacDonald et al., 2011, and

Oumow et al., 2012) or a GPD reparameterisation (see, e.g., Scarrott and MacDonald, 2012, and Laas,

2016). According to the study by Laas (2016), the reparameterisation is not necessary for the applications

considered in this paper (samples that are not from an exact EVMM density or of limited size), especially

if parallel tempering is applied (see below). We therefore continue with the original model, as also done

by Behrens et al. (2004) and Do Nascimento et al. (2012).

As the posteriors cannot be calculated analytically, they are approximated via Markov chain Monte Carlo

(MCMC) simulation (for a detailed description of this technique, see, e.g., Gamerman and Lopes, 2006).

The Markov chains are generated by means of the algorithm proposed by Metropolis et al. (1953) and

Hastings (1970) (MH algorithm) and parallel tempering (PT, see, e.g., Gamerman and Lopes, 2006, and

Craiu and Rosenthal, 2014). For the model without continuity constraint, our MH algorithm is similar

to that of Behrens et al. (2004) and Do Nascimento et al. (2012) and described in detail in Appendix B

of the paper by Laas (2016). In the case of the parameterised tail fraction approach, the chains for φu

are generated indirectly from the chains for u by setting φu at the proportion of threshold exceedances,

as also done by MacDonald et al. (2011) and Oumow et al. (2012). According to Laas (2016), this

simplification has only negligible effects on the results and improves the convergence behaviour of the

Markov chains. The MH steps for the continuous mixture are analogous to those for the model without

continuity requirement. The method of PT (see Laas, 2016, Appendix B) extends the MH algorithm to

better account for multimodal posterior distributions and can substantially improve the convergence and

mixing behaviour of the Markov chains for the EVMM parameters (see Laas, 2016).

The Markov chains (Y (t))t describing the posteriors of quantities Y = g(Ψ), which are functions of the

parameters Ψ (here Ψ = (θ, u, σu, ξ)), can be directly calculated from the parameter chains (Ψ(t))t.

The posterior distribution is the basis for Bayesian inference. Common point estimates for parameters

and other quantities of interest (e.g., quantiles) are the mean or median of the posterior distribution of

the respective quantity (see, e.g., Gelman et al., 2013). The uncertainty can be expressed in form of the

range that comprises 100(1−α)% of the posterior probability, the so-called 100(1−α)% posterior interval

(see, e.g., Gelman et al., 2013).
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In the case of a unimodal posterior distribution that is based on uninformative priors, the Bayesian

posterior mean is similar to the ML estimate (see, e.g., Condgon, 2006). The Bayesian approach is

especially useful if the likelihood function has several maxima and various thresholds are plausible. In

this situation, the ML estimation is not only difficult, it also neglects several conceivable thresholds (see

also Scarrott and MacDonald, 2012). Under the Bayesian method, in contrast, all thresholds are taken into

account according to their posterior probability. Furthermore, even though the MCMC simulation also

sometimes leads to convergence problems, in our analyses it fails far less frequently than the optimisation

of the loglikelihood.

4 EVMM Approximation of Insurance Loss Distributions

4.1 Simulation Study Based on the RMS Windstorm Loss Distribution

4.1.1 Data Description

Our simulation study is based on a distribution of aggregate windstorm losses in Europe that we obtained

from Risk Management Solutions (RMS), Inc., one of the world’s leading companies in the modeling of

catastrophic risks. The distribution was generated by means of a catastrophe model (cat model), using

an analysis run on an anonymized subset of territories and industry exposure in Europe. Cat models

combine information on the considered peril (e.g., data on wind speeds and frequency of events for the

peril European Windstorm) and properties at risk (e.g., location, building type) in order to derive the vul-

nerability of the risk portfolio and subsequently the respective loss distribution (see Grossi et al., 2005).

The loss distribution is given in form of the aggregate exceedance probability (EP) curve (see, e.g.,

Grossi et al., 2005). This curve gives the exceedance probabilities F (xi) of 263 losses xi (given in million

EUR). Thus, the values of the cumulative distribution function are given by F (xi) = 1 − F (xi). In

order to obtain a continuous distribution, we interpolate linearly between two adjacent data points. In

addition, we perform linear interpolations between (0; 0) and the first given data point (6.55; 0.000184)

and between the last given data point (91, 658.28; 0.999982) and (200, 000; 1). For the following analysis,

we assume that the generated distribution function corresponds to the true one.

Figure 2 shows the generated distribution function and the histogram of a sample of size 100,000. The

mean and standard deviation of the sample are 3,300 and 3,383, respectively. The distribution is skewed

to the right and leptocurtic (the skewness and kurtosis of the sample are 5 and 89, respectively). More-

over, according to the Anderson-Darling and Cramer-von Mises tests for various samples of size 10,000,

the whole distribution differs from a GPD. In contrast, for some sufficiently high threshold u, the null

hypothesis of a GPD excess distribution cannot be rejected. The quantiles for α = 0.975, 0.99, 0.999, and

0.9999 are 11,970, 16,328, 30,500, and 52,970, respectively.

For our analysis, we draw N = 50 samples of size n from the distribution of windstorm losses. Two sam-

ple sizes are considered: n = 1, 000 and n = 10, 000. Due to substantially higher computational efforts,

the semipargpd mixture is only estimated for the samples of size n = 1, 000. For the same reason, the

models with kernel bulk density are only applied to the first 250 observations of the generated data sets.

Finally, we note that if a company indeed knows that the losses are distributed according to the RMS

distribution, it obviously does not need an approximation via the EVMM approach. Our study therefore
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Figure 2: Distribution of European Windstorm Losses

This figure illustrates the distribution of European windstorm losses. In the subfigure on the left, the circles correspond to
the data points derived from the aggregate EP curve provided by RMS. The line shows the assumed continuous distribution
function. The plot on the right shows the histogram of a sample of 100,000 observations from the generated distribution.

assumes a case in which an insurer only has a limited sample of observations and approximates the

tail via the EVMM approach (e.g., for the estimation of out-of-sample quantiles). However, in order to

evaluate the accuracy of the tail approximation by means of a comparison of the estimated tail and the

true underlying tail, the true underlying distribution has to be known.6

4.1.2 Calibration and MCMC Simulations

The Bayesian estimation requires the calibration of the prior distributions and the variances of the pro-

posal distributions used under the MH and PT algorithms. In our examination, we assume that no

expert knowledge is available, and therefore choose prior parameters that lead to flat diffuse priors with

high variances (see also MacDonald et al., 2013, among others). For the priors of the bulk models, the

parameters given in Table A.1 in Laas (2016) are used.7 The mean mu and standard deviation su of the

prior for u are set at the 90% quantile of the distribution of windstorm losses and 10,000, respectively

(see, Behrens et al., 2004, MacDonald et al., 2013, Laas, 2016). In the case of the models with continuity

constraint, we further specify mξ = 1 and sξ = 10 for the prior of ξ.

For the calibration of the proposal variances, we use the optimal asymptotic acceptance rate of 0.23

derived by Gelman et al. (1996) and Roberts et al. (1997) as a reference point (as was done by Mac-

Donald et al., 2011), but also allow lower or higher values if appropriate. According to Roberts and

Rosenthal (2001) and Gelman et al. (1996), deviations from the optimal value do not lead to substan-

tial loss in efficiency of the sampler or can even increase its efficiency in the case of multimodal posteriors.

Following Laas (2016), the PT algorithm is implemented for four temperatures τ1 = 1, τ2 = 1.5, τ3 = 2,

and τ4 = 2.5. In addition, swaps between two chains are proposed after each s = 10 steps.

In order to assess the convergence of the Markov chains, several chains with overdispersed initial vec-

tors are generated and compared both visually (as recommended by Gelman, 1996) and by means of

the Gelman-Rubin statistic (see Gelman and Rubin, 1992, and Brooks and Gelman, 1998). In our final

6This is not necessary in the case of a goodness-of-fit test, but a statistical test has the disadvantage that in the case of a
low power, a non-rejection of the null hypothesis does not necessarily imply a good fit.

7Table A.1 in Laas (2016) specifies the following priors: Gamma(1,0.01) and inverse gamma (1.5,5) distributions for the
shape and mean of the gamma density, normal(1,10002) and inverse gamma (2.5,5) distributions for the parameters of the
lognormal distribution, and gamma(1,0.01) and normal(0,22) distributions for the weibull shape and log-scale.
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simulations, for each model and data set, we generate two Markov chains with both the MH algorithm

and PT and subsequently merge them to one MH chain and one PT chain.8 For the subsequent inference,

we then choose the chains from the algorithm that has led to better convergence and mixing properties.

While the MH sampler leads to convergence or mixing problems for various data sets, the method of PT

works quite well in the case of n = 1, 000. We only remove a few samples for which a good approximation

of the posterior is not entirely certain for all mixtures. For the sample size n = 10, 000, PT provides

well-behaving Markov chains for the mixtures with weibull and gamma bulk components (with a few

problems only for the gammagpd(con) models under the PTF approach). If a lognormal bulk distribu-

tion is chosen, in contrast, the Markov chains for the bulk model parameters exhibit substantial mixing

problems for various data sets.9

For the comparison of the fit of the EVMM approach with the approximation under alternative meth-

ods, we also consider the POT method (models 6a to 6c) with three “naive” thresholds (the 85% data

quantile, the 90% quantile proposed by DuMouchel, 1983, and the 95% data quantile). Moreover, we fit

three simple parametric distributions (models 7 to 9) that are commonly applied to insurance losses with

heavy tails (the lognormal, pareto, and burr distribution, see, e.g., Cummins et al., 1999, and Milidonis

and Grace, 2008). The MH steps for σu and ξ under the POT approach correspond to those for the

EVMM parameters. The Markov chains for the posteriors of the parametric distributions are generated

in JAGS using very flat priors.

The analyses in this paper focus on the tail fit (measured by means of the deviations of the quantile

estimates from the true quantiles), not the overall goodness-of-fit. A few remarks about the overall fit

can be found in Sections 5.1 and 6. We do not apply goodness-of-fit tests as, besides the difficulties

to implement them in the Bayesian framework, they might lead to erratic conclusions with regard to

the tail fit. First, an inappropriate model for the main part of the distribution might lead to a model

rejection even if the GPD provides a good tail fit. Second, a non-rejection does not necessarily imply a

good approximation.

4.1.3 Results

The estimation results are illustrated in Figures 3 and 4 for n = 10, 000 and n = 1, 000, respectively. The

boxplots in Subfigure (a) summarize the distributions of errors in the estimation of the 97.5% quantile

(Q0.975) across all data sets under the different approaches. For each sample and model, the quantile

is estimated via the median of the respective posterior distribution (see, e.g., Cabras and Castellanos,

2011) and the error is calculated as the absolute value of the relative deviation from the true quantile.

Analogously, Subfigures (b) to (d) show the deviations for the 99%, 99.9%, and 99.99% quantiles (Q0.99,

Q0.999, and Q0.9999). The two subfigures at the bottom contain the boxplots of the estimates (i.e., the

posterior medians) of the shape ξ and threshold u.10

8The chain lengths differ, but all chains are very long in order to ensure a good approximation of the posterior. For example,
for the samples of size n = 1, 000 and the gammagpd(con) mixtures, each of the two MH chains consists of 75,000 iterations
(excluding the burn-in period). The two PT chains have a length of 50,000 iterations.

9To maintain a large number of samples of size n = 10, 000, the data sets with problems for one of the lognormgpd(con)
mixtures are not removed for the estimation of the remaining models. Thus, the sample bases slightly differ.

10Please note: For a given sample, the quantity of interest (e.g. the shape ξ or quantile) is estimated via the posterior
median, i.e., the median of the posterior distribution. The boxplot summarizes the results for the N samples by showing
the minimum, median, maximum, etc. of the set of N posterior medians. Following Cabras and Castellanos (2011), we
use the posterior median (not the mean), as some Markov chains include a few very extreme outliers.
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n = 10, 000 For a large sample size, the results show a similar and good approximation of the 97.5%

quantile by all EVMMs (1a) to (3d) (see Figure 3a). For the majority of data sets, deviations of 2% or

less are possible and all errors range between 0 and 5%. At higher quantile levels, the lognormgpd(con)

mixtures (2a to 2d) cannot keep up with the models with a gamma or weibull bulk component, especially

under the BTF approach (see Subfigures b to d). The gammagpd(con) and weibullgpd(con) mixtures

lead to median errors of around 3% at Q0.99, 4% at Q0.999, and 5% at Q0.9999. The maximum errors

increase from around 6% at the 99% quantile level to around 12% at the 99.9% level and around 20% at

the 99.99% level. For the models with weibull and gamma bulk distributions, the tail fraction approach

and requirement of continuity hardly influence the tail approximation.

With regard to the alternative approaches, the EVMMs with gamma and weibull distributions (models

1a to 1d and 3a to 3d) achieve an equally good approximation as the POT approach (models 6a to 6c) up

to the 99.9% quantile and a slightly better estimation of the 99.99% quantile. In addition, in the extreme

tail, the upper error quartiles and maximum errors are lower under the weibullgpd(con) mixtures (3b) to

(3d) than under the POT approach. The simple parametric distributions (models 7 to 9) are also clearly

outperformed at very high quantile levels.

According to the boxplots in Subfigure (e), the estimates of the shape ξ under the gammagpd(con) and

weibullgpd(con) EVMMs range between 0.15 and 0.25 for all data sets. The medians above all samples

lie between 0.18 and 0.20, similar to the median estimates under the POT approach. However, the

estimates under the POT models (6b) and (6c) vary substantially more between the data sets. For the

lognormgpd(con) mixtures, considerably lower GPD shape parameters are obtained, in particular under

the BTF approach. This explains the worse tail approximation under these models and is the result of

rather low thresholds (see Subfigure f). The thresholds under the remaining models are not located in

the tail either (see the values F (u) of the RMS distribution function at the estimated thresholds on the

right axis in Subfigure f), but they are higher than the thresholds under the lognormgpd(con) mixtures.

n = 1, 000 Figure 4 shows the results for n = 1, 000. With the exception of model (2d), all mixtures

achieve the same level of accuracy for the 97.5% and 99% quantiles. In the extreme tail (i.e., at Q0.999

and Q0.9999), some differences exist and the mixtures (2a) to (2c) (lognormal bulk) and (3b) to (3d)

(weibull bulk) permit the closest approximations. The median estimation errors are higher than in the

case of n = 10, 000, but comparable to or lower than the deviations under the POT approach. The 99.9%

quantile, which cannot be reliably estimated by the empirical quantile in a sample of n = 1, 000 obser-

vations, is approximated under the “best” EVMMs (2a, 2c, and 3d) with a deviation of approximately

10% or less for the majority of data sets. Out-of-sample extrapolations to the 99.99% quantile involve

median errors below 20% under the mixtures with the best tail fit. This value is substantially undercut

by the pareto distribution (model 8). However, the pareto approximation fails at Q0.99 and below.

The boxplots further show a substantial variation in the quantile estimates under all EVMMs. At the

99.9% quantile, the maximum deviations are 50% or higher and at the 99.99% quantile, errors of more

than 100% are possible. This problem also arises under the POT approach. The pareto distribution leads

to a lower variation in the extreme tail, but not at lower quantile levels. The occurrence of very high

deviations implies that even if the median errors may be acceptable, the present sample might lead to

a highly flawed tail approximation. Moreover, an analysis of the errors with sign (i.e., not in absolute

values) shows that both substantial underestimations and high overestimations are possible.
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Figure 3: Tail Approximation of the Distribution of European Windstorm Losses, n = 10, 000

This figure shows the results of the tail approximation of the distribution of European windstorm losses in the simulation
study with sample sizes n = 10, 000. The boxplots in Subfigure (a) summarize the distributions of the (absolute values of the)
relative errors in the estimation of the 97.5% quantile across all data sets under the different approaches. Models 1a to 1d
/ 2a to 2d / 3a to 3d are the EVMMs with gamma / lognormal / weibull bulk components (see page 7). 6a to 6c refers to
the POT approach and models 7, 8, and 9 are the lognormal, pareto, and burr distribution, respectively. A value of 0.05 at
the y-axis corresponds to an error of 5%. Similarly, Subfigures (b), (c), and (d) show the deviations in the estimation of the
99%, 99.9%, and 99.99% quantiles, respectively. In Subfigure (d), the y-axis is limited to the range (0; 0.5) and the boxplot for
model (9) is shown only partially. The boxplots in Subfigures (e) and (f) sum up the distributions of estimates of ξ and u for
the different models. The parameters are estimated via the medians of the respective posterior distributions.
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Figure 4: Tail Approximation of the Distribution of European Windstorm Losses, n = 1, 000

This figure shows the results of the tail approximation of the distribution of European windstorm losses in the simulation study
with sample sizes n = 1, 000. The boxplots in Subfigure (a) summarize the distributions of the (absolute values of the) relative
errors in the estimation of the 97.5% quantile across all data sets under the different approaches. Models 1a to 1d / 2a to 2d
/ 3a to 3d / 4 are the EVMMs with gamma / lognormal / weibull / semiparametric bulk components (see page 7). 6a to 6c
refers to the POT approach and models 7, 8, and 9 are the lognormal, pareto, and burr distribution, respectively. A value of
0.05 at the y-axis corresponds to an error of 5%. Similarly, Subfigures (b), (c), and (d) show the deviations in the estimation of
the 99%, 99.9%, and 99.99% quantiles, respectively. To improve the illustration, only errors up to 1.75 are shown in Subfigure
(d). The boxplots in Subfigures (e) and (f) sum up the distributions of estimates of ξ and u for the different models. The
parameters are estimated via the medians of the respective posterior distributions.
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The variation in the quantile estimates results from the substantial variability of the parameter estimates.

As indicated by the boxplots in Subfigure (e), the medians of the N estimates of ξ are around 0.2, but

there are also some samples that lead to posterior medians close to or lower than zero. Furthermore, the

location of the threshold varies considerably. For all models, the difference between the values F (umax)

and F (umin) of the RMS distribution function at the highest and lowest estimated thresholds is at least

0.4, i.e., the estimates are located in different areas of the underlying distribution. Under model (2d),

the threshold estimates even range between the 20% and 99% quantile of the underlying distribution.

n = 250 Due to the smaller sample size, the output for the kernelgpd(con) mixtures is not shown in

Figure 4. Under all four model versions (5a) to (5d), the 97.5% and 99% quantiles can be estimated with

median errors of 9% and 14%, respectively. Extrapolations to the 99.9% and 99.99% quantiles lead to

median deviations of approximately 23% and 41%, respectively, if a continuous density is required, and

around 30% and 48%, respectively, for the models without continuity constraint. These values exceed

the median estimation errors under the remaining mixtures shown in Figure 4, but this is the result of

the reduced sample size. We also apply the mixtures (1a), (2a), and (3a) with gamma, lognormal, and

weibull bulk models to the data sets with n = 250 and obtain similar results as for the kernelgpd(con)

mixtures. The required level of accuracy depends on the application, but approximation errors of 40% or

more are presumably not satisfactory in most cases. However, a “naive” application of the POT approach

yields to even higher median deviations (36% for Q0.999 and 54% for Q0.9999 if the threshold is set at the

90% data quantile).

4.1.4 Influence of Outliers

The maximum losses in the two sets of samples are 87,601 (n = 10, 000) and 79,328 (n = 1, 000). In order

to examine the influence of extreme outliers on the estimation results, we add an extreme loss between

100,000 and 200,000 to each of the first N1 = 15 samples and re-estimate all models.11

n = 10, 000 Some core results for the case n = 10, 000 are illustrated in Figure 5. The remaining

results (e.g., for the 97.5% and 99.99% quantiles) are available upon request from the author. The box-

plots in Subfigures (a) and (b) summarize the N1 relative changes in the estimates of the 99% and 99.9%

quantiles under the different models. Subfigures (c) and (d) show the median relative approximation

errors of Q0.99 and Q0.999 above all N1 samples before (circles) and after (squares) the inclusion of the

extreme losses. In order to improve the illustration, we only show the medians here, but an analysis of

the boxplots largely confirms the results indicated by the medians. The two subfigures at the bottom

provide the boxplots for the relative changes in the estimates of the parameters ξ and u.12

The existence of outliers in the samples leads to an increase in the estimates of ξ under all models (see

Subfigure e). Under the EVMM approach, the increases mainly range between 5% and 10%, except for

model (2d). For (2d) and the POT method, higher increases can be observed, especially in the case of a

very high threshold (as the estimates are based on only few observations). The remaining tail parameters

u (see Subfigure f), σu, and φu (not shown here) are less affected and mainly change between 0 and 5%.

11For data set i with maximum loss Mi, the extreme loss L∗
i is determined by: L∗

i = min{max{3 ·Mi; 100, 000}; 200, 000}.
12Due to mixing problems of the Markov chains, the results for the lognormgpd(con) mixtures (2a) to (2c) are again based
on a smaller subset of samples and have to be treated with caution.
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As a result of the higher shape parameters, the estimates for the tail quantiles increase. For the majority

of EVMMs and data sets, the relative changes rise from some value between 0.5% and 1% for Q0.975

(not shown here), to approximately 1.5% for Q0.99 (see Subfigure a), to some value in the range from 3%

to 5% for Q0.999 (see Subfigure b), to some increase between 5% and 8% for Q0.9999 (not shown here).

Only the 97.5% and 99% quantile estimates from model (2d) are subject to higher changes, and there

is a higher variation in the results for model (1a) (see Subfigure b). Depending on the threshold, the

POT approach leads to similar or slightly lower increases than the EVMM method in the lower tail area

(i.e., at Q0.975 and Q0.99), but to higher changes in the extreme tail. The quantile estimates from the

parametric models (7) to (9) change only marginally.

The effects on the tail fit depend on the tail area. In the region of the 97.5% and 99% quantiles, there is

a tendency towards underestimation for the samples without outliers. Consequently, the increase in the

quantile estimates due to the extreme losses slightly improves the tail approximation (see Subfigure c).13

At higher quantile levels, the approximation errors only decline under the lognormgpd(con) mixtures (for

the same reason). The deviations under models (3b) and (3d) remain unchanged. For the remaining

EVMMs, higher errors result, as the quantiles are overestimated to a larger extent. However, the POT

approximation also deteriorates and the relative errors (around 8% at Q0.999) exceed the deviations (5%

or lower) under all mixtures except of (2b) and (2d). In addition, the EVMM approach remains substan-

tially better than the three parametric models (7) to (9).

n = 1, 000 Figure 6 shows the results for n = 1, 000. Due to substantially higher changes and approxi-

mation errors under the lognormgpdcon mixture (2d), the results for this model are excluded from the

plots and following interpretations. As expected, in the case of a rather small sample, single outliers have

a greater impact on the tail approximation. The median increases of the estimates of ξ vary between the

mixture models and range from approximately 35% for models (2c), (3b), and (3d) to almost 60% for

the gammagpd mixture (1a) (see Subfigure e). Moreover, the interquartile ranges indicate a substantial

variation of the results for different samples. As the POT estimates of ξ are based on a lower number of

observations, they are more sensitive to outliers and the increases substantially exceed those under the

EVMMs. The median changes of the threshold estimates (see Subfigure f) are between 2% (for model

1b) and 12% (for model 1d), but for some models (e.g., models 1a, 3a, 4), the changes vary substantially.

Under the EVMM approach, the changes in the parameters translate into higher estimates of the 97.5%

and 99% quantiles by around 5% and 10%, respectively (for Q0.99, see Subfigure a). The median increases

for Q0.999 range from around 20% for various mixtures with a lognormal or weibull bulk component to

38% for model (1a) (see Subfigure b). In the extreme tail, slightly higher changes result under the PTF

approach and the PTF approach also leads to a higher variation between different samples (compare,

e.g., the results for models 1a and 1c with those of 1b and 1d in Subfigure b). Furthermore, the analysis

confirms the above results of a higher sensitivity of the extreme tail quantiles (Q0.999 or higher) under

the POT approach and relatively small changes under the parametric models.

In the case of n = 1, 000, the application of the EVMM approach to the original set of samples (i.e.,

without outliers) does not only lead to an overestimation of very high tail quantiles, but for various samples

also of Q0.975 and Q0.99. The existence of extremely high losses therefore induces higher approximation

13Please note that we only consider the deviations in absolute values, i.e., under- and overestimations are evaluated equally.
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Figure 5: Effects of Outliers on the Results for the Distribution of Windstorm Losses, n = 10, 000

This figure shows the influence of outliers on the approximation of the distribution of European windstorm losses for n = 10, 000.
The results are based on two sets of N1 = 15 samples. The samples in the first set do not include outliers. The samples in
the second set comprise the same losses plus an additional extreme loss. For each model, the boxplots in Subfigures (a) and
(b) summarize the N1 relative changes in the estimates of the 99% and 99.9% quantiles due to the outliers. Subfigures (c)
and (d) show the median relative errors in the estimation of the 99% and 99.9% quantiles for the N1 samples without outliers
(circles) and the N1 samples with outliers (squares). The relative errors are considered in absolute values (i.e., without signs).
The last two subfigures illustrate the relative N1 changes in the estimates of ξ and u as a result of the extreme loss. In both
subfigures, one outlier exceeds the upper limit of the y-axis of 0.8. In all subfigures, a value of y0 at the y-axis (e.g., y0 = 0.1)
corresponds to a relative change / error of (y0 · 100)% (e.g., 10%). For the model numbers, see pages 7 and 12.
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Figure 6: Effects of Outliers on the Results for the Distribution of Windstorm Losses, n = 1, 000

This figure shows the influence of outliers on the approximation of the distribution of European windstorm losses for n = 1, 000.
The results are based on two sets of N1 = 15 samples. The samples in the first set do not include outliers. The samples in the
second set comprise the same losses plus an additional extreme loss. For each model, the boxplots in Subfigures (a) and (b)
summarize the N1 relative changes in the estimates of the 99% and 99.9% quantiles due to the outliers. Subfigures (c) and (d)
show the median relative errors in the estimation of the 99% and 99.9% quantiles for the N1 samples without outliers (circles)
and the N1 samples with outliers (squares). The relative errors are considered in absolute values (i.e., without signs). The
last two subfigures illustrate the relative N1 changes in the estimates of ξ and u as a result of the extreme loss. In Subfigure
(e), several extreme increases above 3.5 are not shown. Moreover, one change of the threshold u exceeds the upper limit of the
y-axis (1.5) in Subfigure (f). In all subfigures, a value of y0 at the y-axis (e.g., y0 = 0.1) corresponds to a relative change /
error of (y0 · 100)% (e.g., 10%). For the model numbers, see pages 7 and 12.
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errors at all quantile levels α = 0.975, 0.99, 0.999, 0.9999 (see Subfigures c and d). Due to smaller changes

in the estimates, the BTF approach outperforms the PTF approach. The best fit is achieved under the

lognormgpd mixture (2b), followed by the remaining mixtures with lognormal bulk components and the

weibullgpd(con) mixtures (3b) and (3d). These models also provide a better approximation than the

POT approach and a similar level of accuracy as the “best” parametric alternative (model 8).

4.2 Empirical Applications

4.2.1 Data Description

In order to get further insights, the EVMM approach is applied to two empirical data sets of insurance

losses. The first data set, the macro validation data set for U.S. hurricane models of Collins and Lowe

(2001), comprises insured losses from hurricanes in the United States between 1900 and 1999, adapted to

year 2000 exposure and price levels. This data set has been used in some previous analyses (see Jagger

et al., 2008), but to the knowledge of the author, not in the context of EVMMs.14 The whole sample

consists of 163 observations and is available in Collins and Lowe (2001). For the purpose of our analysis,

we divide the reported losses (given thousands USD) by 1,000. Thus, the losses in our data set represent

the adjusted insured losses in millions of USD. The descriptive statistics are summarized in Table 1. The

losses range between 0.5 and 49,729, the average is 1,731, and the median is 217 (million USD, respec-

tively). The distribution is skewed to the right and the occurrence of a small number of very large losses

indicates the existence of heavy tails. In line with this, the mean excess plot is (slightly) increasing (see

Figure 7a).

U.S. Hurricane Losses Aon Re Belgium Fire Insurance Losses

Sample Size 163 1,823

Mean 1,731.21 363.47

Median 217.22 9.15

Std. Dev. 4,978.09 4,868.25

Skewness 6.60 33.90

Kurtosis 57.59 1,289.32

Minimum 0.50 0.19

90% Quantile 3,912.10 205.80

99% Quantile 24,486.69 6,437.07

Maximum 49,728.84 190,541.50

Table 1: Descriptive Statistics for the Empirical Data

Our second sample comprises 1,823 fire insurance losses reported by Aon Re Belgium. The data set

includes information on the building type, claim size, and sum insured.15 We focus on the claim size

and again divide the losses by 1,000. In addition, due to a substantial number of identical claims, a

small amount of noise is added to each loss. As shown in Table 1, the average claim size is 363, with

a standard deviation of 4,868. Moreover, the skewness and kurtosis are 34 and 1,289, respectively. The

sample includes very extreme losses: the maximum loss and 90% quantile are 20,831 and 22 times the

median loss, respectively. These characteristics differ substantially from the characteristics of the Danish

fire insurance data set, which has typically been analysed in the context of EVMMs.16

14Jagger et al. (2008) apply the POT approach to the logarithm of the losses and develop a model for the prediction of the
annual aggregate losses based on climate data, i.e., their results are not directly comparable to the results in our paper.

15The data set is available at http://lstat.kuleuven.be/Wiley/Data/aon.txt (accessed February 2, 2016).
16For the sample of 2,492 Danish fire insurance losses, the skewness and kurtosis are 20 and 550, respectively, and the
maximum loss and 90% quantile are 161 and 3 times the median loss, respectively.
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Figure 7: Sample Mean Excess Plots

This figure presents the mean excess plots for the U.S. hurricane losses and Aon Re Belgium fire losses. The dark line shows
the sample mean excesses with respect to u, and the dotted lines indicate the corresponding 95% confidence intervals. In
addition, the vertical dotted lines indicate the thresholds used under the POT approach (1,500 and 2,800 for the U.S. hurricane
losses and 700 and 1,700 for the Aon Re Belgium fire losses). The thresholds u are given at the lower x-axis, the number of
exceedances of u at the upper x-axis.

4.2.2 Results

The posterior distributions are derived under the assumption of the same flat priors and with the same

MCMC algorithms as in the previous section. The POT approach is implemented for three thresholds.

Based on the respective mean-excess-plots (see Figure 7), we select u = 1, 500 and u = 2, 800 for the

U.S. hurricane data and u = 700 and u = 1, 700 for the Aon Re Belgium fire losses. In addition, “naive”

thresholds of the 90% data quantiles (3,912 and 206, respectively) are used.

For the Aon Re Belgium data set, the Markov chains generated by PT converge and mix well except

for the gammagpdcon mixtures (1c) and (1d). In the case of the U.S. hurricane data, we assume that

convergence has been achieved for all models except the weibullgpdcon mixture with BTF approach

(model 3d). However, in view of the Markov chains generated by PT for high temperatures τ (see the

description of the PT algorithm in Laas, 2016), we note that there might be certain problems for the

hurricane losses and some mixtures with a weibull or gamma bulk component.

U.S. Hurricane Losses Table 2 contains the parameter and quantile estimates (i.e., the posterior

medians) for the U.S. hurricane data. As the true underlying distribution is unknown, the estimated

quantiles are compared to the sample quantiles (see, e.g., Do Nascimento et al., 2012), and ∆Qα indi-

cates the relative deviation of the estimated α-quantile from the empirical quantile. In addition, Table A1

in Appendix A shows the uncertainty in the estimates in form of the 95% posterior intervals.

Among the class of EVMMs, the lognormgpd mixture with PTF approach (model 2a) provides the best

tail approximation. The estimated 90% and 95% quantiles almost match the empirical ones and the

calculated 97.5% and 99% quantiles deviate by 19% and 13%, respectively. In comparison to the remain-

ing EVMMs, rather small approximation errors can also be obtained by means of the lognormgpd(con)

models (2b) and (2c) as well as the semipargpd mixture (4). The kernelgpd mixtures (5a) and (5b)

perform worse than the “best” models, but better than the EVMMs with weibull or gamma bulk com-

ponents. Especially under the BTF approach, the gammagpd(con) mixtures (1b) and (1d) fail completely.
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ξ u Q0.95 ∆Q0.95 Q0.975 ∆Q0.975 Q0.99 ∆Q0.99

Empirical 8.20·103 1.15·104 2.45·104

(1a) Gammagpd, PTF 0.93 102 7.81·103 −0.05 1.56·104 0.35 3.75·104 0.53

(1b) Gammagpd, BTF 1.30 21 9.47·103 0.16 2.37·104 1.06 7.94·104 2.24

(1c) Gammagpdcon, PTF 0.94 109 7.98·103 −0.03 1.60·104 0.39 3.89·104 0.59

(1d) Gammagpdcon, BTF 1.90 10 1.80·104 1.20 6.77·104 4.87 3.88·105 14.84

(2a) Lognormgpd, PTF 0.66 9.51·103 8.06·103 −0.02 1.37·104 0.19 2.77·104 0.13

(2b) Lognormgpd, BTF 0.53 1.08·104 8.54·103 0.04 1.54·104 0.34 2.83·104 0.15

(2c) Lognormgpdcon, PTF 0.81 3.17·103 8.16·103 0.00 1.43·104 0.24 3.04·104 0.24

(2d) Lognormgpdcon, BTF 0.65 9.01·103 8.34·103 0.02 1.59·104 0.38 3.29·104 0.35

(3a) Weibullgpd, PTF 0.98 95 8.01·103 −0.02 1.64·104 0.43 4.14·104 0.69

(3b) Weibullgpd, BTF 1.30 21 9.39·103 0.15 2.33·104 1.03 7.71·104 2.15

(3c) Weibullgpdcon, PTF 0.94 111 7.96·103 −0.03 1.59·104 0.38 3.85·104 0.57

(4) Semipargpd 0.83 391 7.70·103 −0.06 1.44·104 0.25 3.16·104 0.29

(5a) Kernelgpd, PTF 0.90 90 7.61·103 −0.07 1.48·104 0.29 3.48·104 0.42

(5b) Kernelgpd, BTF 0.90 90 7.63·103 −0.07 1.49·104 0.29 3.50·104 0.43

(5c) Kernelgpdcon, PTF 0.96 95 7.90·103 −0.04 1.59·104 0.38 3.90·104 0.59

(5d) Kernelgpdcon, BTF 0.95 95 7.84·103 −0.04 1.58·104 0.37 3.86·104 0.58

(6a) POT, u = 1500 0.52 8.24·103 0.00 1.38·104 0.20 2.48·104 0.01

(6b) POT, u = 2800 0.50 8.31·103 0.01 1.40·104 0.22 2.52·104 0.03

(6c) POT, u = 3912 0.32 8.76·103 0.07 1.52·104 0.32 2.60·104 0.06

(7) Lognormal 8.47·103 0.03 1.69·104 0.47 3.78·104 0.54

(8) Pareto 1.37·104 0.67 4.44·104 2.85 2.09·105 7.55

(9) Burr 8.41·103 0.03 1.80·104 0.57 4.69·104 0.92

Table 2: Estimation Results for the U.S. Hurricane Data Set

This table presents the results for the sample of U.S. hurricane losses. The first and second data columns show the medians of
the posterior distributions for the GPD shape parameter ξ and threshold u. The remaining columns contain the estimates for
the α-quantiles Qα (i.e., the posterior medians) and their relative deviations ∆Qα from the empirical quantiles. The results for
model (3d) are not shown due to convergence problems of the Markov chains.

Our results of the quantile estimation further show that except for the EVMM with weibull bulk model

and PTF approach (models 3a and 3c), the introduction of a continuity constraint deteriorates the ap-

proximation of Q0.975 and Q0.99 (if the tail fraction approach is held fixed). Moreover, for each mixture

model, the tail approximation is better under the parameterised tail fraction approach (PTF) than under

the bulk model based tail fraction approach (BTF). This confirms the results of Hu (2013) that the more

flexible models without the requirement of continuity at the threshold and with the additional parameter

φu tend to provide a better fit, especially if the bulk model is misspecified.

The varying tail fit for different choices of the bulk model can be explained by means of the results of

the parameter estimation. In the case of the lognormgpd(con) mixtures, the posterior distributions of

the thresholds have a large part of their probability mass at high values for u. For example, under model

(2a), 73% of the sampled thresholds exceed the 80% data quantile and the median threshold (9,506) cor-

responds to a tail proportion of 4.9%. The thresholds in the semipargpd mixture (the second best model)

tend to be lower than in the models with lognormal body, but higher than the remaining mixtures. Due

to the incompatibility of the gamma and weibull distributions with large losses, the thresholds are rather

small, especially under the BTF approach. This leads to high overestimations of the shape parameter ξ

and consequently of the extreme quantiles.
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A comparison of all models shows that the simple parametric models (7) to (9) cannot keep up with

the EVMM method. In contrast, for all three thresholds, the POT approach (models 6a to 6c) leads

to a comparable approximation of the 97.5% quantile and a substantially better estimation of the 99%

quantile. For u = 1, 500, the POT approach even permits an almost perfect match of the 99% quantile.

According to the 95% posterior intervals, the quantile estimates are subject to great uncertainty (see

Table A1 in Appendix A). For example, for the lognormgpd mixture (2a), the length of the 95% posterior

interval for the 95% quantile (97.5% /99% quantile) amounts to 72% (136% / 286%) of the respective

empirical quantile. This results from the small sample size, heavy tails, and flat priors. However, the

posterior intervals for Q0.95 and Q0.975 obtained under the simple parametric models (which have a lower

number of parameters) and the POT approach (where the uncertainty regarding the threshold is negated)

are not substantially shorter either. For Q0.99, the POT approach leads to shorter posterior intervals.

ξ u Q0.975 ∆Q0.975 Q0.99 ∆Q0.99 Q0.995 ∆Q0.995

Empirical 1.96·103 6.44·103 9.55·103

(1a) Gammagpd, PTF 1.65 3.74 1.86·103 −0.05 8.42·103 0.31 2.64·104 1.76

(1b) Gammagpd, BTF 1.69 3.02 1.96·103 0.00 9.24·103 0.43 2.98·104 2.12

(2a) Lognormgpd, PTF 1.65 3.62 1.87·103 −0.05 8.53·103 0.33 2.69·104 1.81

(2b) Lognormgpd, BTF 1.65 3.66 1.85·103 −0.06 8.37·103 0.30 2.62·104 1.74

(2c) Lognormgpdcon, PTF 1.64 6.42 1.86·103 −0.05 8.38·103 0.30 2.62·104 1.74

(2d) Lognormgpdcon, BTF 1.76 2.36 2.22·103 0.13 1.12·104 0.74 3.79·104 2.97

(3a) Weibullgpd, PTF 1.65 3.82 1.87·103 −0.05 8.53·103 0.32 2.68·104 1.81

(3b) Weibullgpd, BTF 1.70 2.99 2.01·103 0.02 9.54·103 0.48 3.10·104 2.25

(3c) Weibullgpdcon, PTF 1.66 3.99 1.89·103 −0.04 8.64·103 0.34 2.73·104 1.86

(3d) Weibullgpdcon, BTF 1.74 1.65 2.12·103 0.08 1.04·104 0.62 3.47·104 2.63

(4) Semipargpd 1.67 2.99 1.93·103 −0.02 8.93·103 0.39 2.84·104 1.98

(6a) POT, u = 206 1.33 1.78·103 −0.09 5.51·103 −0.14 1.26·104 0.32

(6b) POT, u = 700 1.16 2.10·103 0.07 5.62·103 −0.13 1.05·104 0.10

(6c) POT, u = 1700 0.77 1.84·103 −0.06 5.62·103 −0.13 1.11·104 0.16

(7) Lognormal 6.50·102 −0.67 1.34·103 −0.79 2.19·103 −0.77

(8) Pareto 1.37·103 −0.30 5.28·103 −0.18 1.46·104 0.53

(9) Burr 3.35·103 0.71 2.09·104 2.25 8.36·104 7.75

Table 3: Estimation Results for the Aon Re Data Set

This table presents the results for the sample of Aon Re Belgium fire insurance losses. The first and second data columns
show the medians of the posterior distributions for the shape parameter ξ and threshold u. The remaining columns contain the
estimates for the α-quantiles Qα (i.e., the posterior medians) and their relative deviations ∆Qα from the empirical quantiles.
The results for models (1c) and (1d) are not shown due to convergence problems of the Markov chains.

Aon Re Belgium Fire Losses The results for the sample of fire insurance claims are given in Ta-

ble 3. The 95% posterior intervals are provided in Appendix A in Table A2. Due to the higher number of

observations, we now consider the 97.5%, 99%, and 99.5% quantiles. For this data set, rather low thresh-

olds are estimated under all EVMMs and the posterior medians for the shape parameter ξ substantially

exceed the estimates under the POT approach. The 97.5% quantile can be approximated with errors of

around 5%, but the estimates are subjected to great uncertainty. Under all mixture models, the length

of the 95% posterior interval is 70% or more of the value of the empirical quantile. At higher quantile

levels, the models with parameterised tail fraction φu and without continuity constraint tend to permit
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a slightly better tail approximation than the less flexible mixtures (in line with the results for the U.S.

hurricane data). However, all EVMMs lead to high overestimations of at least 30% at Q0.99 and 174%

at Q0.995. In addition, the 95% posterior intervals for the 99.5% quantile do not even cover the empirical

99.5% quantile loss. The POT method provides a substantially higher accuracy at the 99% and 99.5%

quantile levels, especially for the thresholds that are selected based on the mean-excess-plot. The pareto

distribution also leads to lower estimation errors, but the deviation at Q0.995 is also high (53%).

5 Implications

5.1 Model Choice

The simulation study and empirical applications show that the tail fit of the considered EVMMs varies

substantially between different data sets. General advice for the selection of certain bulk model is there-

fore difficult. The mixtures with lognormal bulk components provide the best tail approximation for the

U.S. hurricane losses, by far (among the class of EVMMs), but the mixing problems and high estimation

errors (compared to the remaining models) in the simulation study for n = 10, 000 indicate that this

model is inadequate for the distribution of windstorm losses. By contrast, the weibullgpd(con) mixtures

permit a rather good estimation of the tails of the distribution of windstorm losses, but yield unsatisfac-

tory results for the empirical data sets. The gammagpd(con) mixtures frequently lead to similar results as

the models with weibull bulk distribution and may be an alternative in the case of convergence problems

of the Markov chains for the weibullgpd(con) models. Furthermore, the use of the more flexible (but

therefore also more time-consuming) semiparametric approach of Cabras and Castellanos (2011) or ker-

nelgpd(con) mixture of MacDonald et al. (2013) does not necessarily lead to a better tail approximation.

For example, both models cannot keep up with the lognormgpd(con) mixtures in the approximation of

the extreme U.S. hurricane losses.

With regard to the tail fraction approach and continuity constraint, our analyses confirm the findings

of Hu (2013) and presumption of Scarrott (2016) that the use of a more flexible approach can improve

the approximation in the case of an inadequate bulk model (see, e.g., the results for the mixtures with

weibull or gamma bulk components for the empirical data sets and the results for the lognormgpd(con)

mixtures in the simulation study). However, the effects of an inappropriate bulk distribution can only

be partly offset and the approximation frequently remains rather bad. If the bulk model provides a good

fit and no continuity constraint is imposed (sometimes also in the case with continuity requirement),

the choice of the tail fraction approach only marginally influences the tail fit (see, e.g., the results for

models 1a to 1d and 3a to 3d in the simulation study). The BTF approach may even slightly improve

the approximation in the extreme tail, as also indicated by Hu (2013) and Scarrott (2016). Moreover,

according to the results in Section 4.1.4, the estimates of extreme tail quantiles may be less sensitive

to outliers under the BTF approach. For various data sets and an appropriate bulk distribution, the

requirement of a continuous density does not have substantial effects either (see also Hu, 2013). However,

examples exist where the continuity requirement induces substantially higher deviations in the tail (see,

e.g., the results for the mixtures with lognormal bulk models (2a) to (2d) for the U.S. hurricane data). If

the focus lies on the tail estimation, we therefore think that leaving out the continuity requirement lowers

the risk of high estimation errors. In addition, as shown by Do Nascimento et al. (2012), the problem of a

discontinuous density can largely be resolved by means of a calculation of the posterior predictive density.
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So far, we have only examined the tail fit. A comparison of the overall goodness-of-fit based on the

medians of the posterior distributions of the AIC and BIC values (as proposed by Brooks, 2002) does

not lead to general guidelines either.17 For the three loss distributions considered in this paper, the

different parametric bulk models mainly lead to similar AIC and BIC values, and no bulk distribution

is always “best”. Furthermore, the posterior medians of the loglikelihood values are similar under the

semiparametric approaches and parametric mixtures. In some cases, the goodness-of-fit statistics support

the use of a more flexible model parmeterization (i.e., the PTF approach and no continuity constraint),

as the improvements in the loglikelihoods (more precisely, the posterior medians of the loglikelihoods)

compensate the “costs” of the additional parameters. In various other cases, in contrast, the likelihood

values differ only marginally and the models with less parameters are promoted, especially under the BIC.

The results of our analyses imply that, in general, several EVMMs have to be applied to the present

data set. Indicators for an inadequate bulk model are mixing problems of the Markov chains, substantial

differences in the results between the BTF and PTF approach, and, in some circumstances, very low

threshold estimates (see the next section). The final decision for one model has to be based on careful

analyses, such as a comparison of the estimated and empirical quantiles via the qq-plot, the relative

errors, or statistical measures that summarize the errors at several quantile levels (e.g., the average

scaled absolute error ASAE, see, e.g. Wong and Li, 2010).

5.2 Threshold Estimation

The modeling of the tail via the GPD is based on the asymptotic argument that the excess distribution

of various distributions converges to a GPD if the threshold is raised towards the upper end of the range

(see, e.g., McNeil et al., 2005). In order to ensure unbiased estimates of the GPD parameters and a

good tail approximation, rather high thresholds are therefore typically chosen under the POT approach.

The application of EVMMs to empirical insurance losses shows that for some data sets and bulk mod-

els, the EVMM approach also leads to thresholds around the 90% quantile or above (i.e., the posterior

distribution for u is mainly located in the tail area). For example, for the Secura Belgian Re data set

considered in Laas (2016), the estimated tail fraction is 10% or lower for the gammagpd and weibullgpd

mixtures. In the analyses in this paper, high thresholds result for the lognormgpd(con) mixtures and the

U.S. hurricane data set and for very few data sets in the simulation study with sample size n = 1, 000.

Thus, the parameters of the GPD distribution are estimated only based on the observations in the tail.

In other words, the GPD is fitted only to that range of the distribution where the GPD approximation

is theoretically justified.

For various other data sets, however, we observe rather low estimates for the threshold. Examples from

this paper include the Aon Re data, the U.S. hurricane data in combination with mixtures other than

the lognormgpd(con) models, and the majority of samples from the distribution of European windstorm

losses. Bee (2012) and Scollnik and Sun (2012) also obtain rather low thresholds in the application of

weibullgpdcon and lognormgpdcon mixtures to the Danish fire insurance losses.

There are two possible reasons for a location of the posterior for u in the body of the distribution. First,

the GPD may already provide a good fit in the non-extreme part of the distribution. In this case, the

EVMM approach may lead to a good approximation of the tail. The quantile estimates may also be

17The results for the U.S. hurricane data and fire insurance losses are shown in Table A3 in Appendix A.
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more robust to outliers than under the POT approach, which is typically based on higher thresholds and

therefore a lower number of observations. In view of the estimation results, we assume that this is the

case, for example, for the RMS distribution of European windstorm losses.

The second reason is an inadequate bulk model choice. Under the mixture model approach, the whole

distribution is approximated and the estimation leads to that threshold u and parameters θ, σu, and

ξ (or, more exactly, to their posterior distributions) that provide the best model fit to the whole sam-

ple, not to the tail. If the bulk model is inadequate and the GPD permits a better fit to the body,

rather low estimates for the threshold may result. In consequence, the estimates of the GPD parameters

σu and ξ may be biased and inappropriate for the tail approximation. This explains, for instance, the

clear superiority of the POT approach in the approximation of the tails of the Aon Re Belgium fire losses.

This problem can be illustrated by means of the profile likelihood function. The latter is given by

PLMM (u|x) = maxθ,σu,ξ LMM (θ, u, σu, ξ|x). Figure 8 shows the profile log likelihood for the Aon Re

data and various EVMMs. The profile likelihood functions all have their maximum at low values for u.

As the maximum likelihood estimate corresponds to that threshold û that maximizes the profile likeli-

hood (see, e.g., Murphy and van der Vaart, 2000), and the Bayesian posterior mean is close to û for flat

uninformative priors (see, e.g., Condgon, 2006), the posterior distribution for u is centered around a low

threshold.
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Figure 8: Profile Likelihood Functions for the Aon Re Belgium Fire Losses

This figure shows the profile likelihood functions for the Aon Re Belgium fire insurance losses for the ranges u ∈ (0.5; 300) (left
plot) and u ∈ (0.5; 20) (right plot). Besides the semipargpd mixture (model 4), only the mixtures using the BTF approach
without continuity constraint are taken into account. The solid line shows the profile likelihood for the gammagpd mixture
(1b), the dashed line for model (2b) with lognormal bulk and the dotted line for the weibullgpd mixture (3b). The profile
likelihood for model (4) is given by the dotdashed line.

Lee et al. (2012) restrict the range of possible thresholds to values above the 75% quantile. In the Bayesian

context, this can be achieved by means of a truncation of the prior for u. However, the introduction of

a lower boundary for u can only solve the problem some of the time. For instance, for the semipargpd

model and Aon Re data, a restriction of u to values above the 80% data quantile leads to a posterior

median of u of 106 (the 86% quantile) and an error of 10% in the estimation of Q0.99. For the models

with parametric bulk distribution, in contrast, the truncation basically corresponds to an ex ante fixing

of the threshold, as the resulting posterior distributions are highly concentrated at the truncation point.

This can also be expected from the plots of the profile likelihood functions of the parametric mixtures,

which are steadily declining after the global maximum (see Figure 8).
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6 Conclusions

In this paper, we provide a critical analysis of the accuracy of the EVMM approach in the approximation

of the tails of heavy-tailed insurance loss distributions. Based on an empirically calibrated distribution

of windstorm losses in Europe, we perform a comprehensive simulation study and evaluate the tail fit for

different choices of the bulk model, tail fraction approaches, and continuity requirements. The results

show a good approximation under the mixture models with a gamma or weibull bulk density for the large

majority of data sets of size n = 10, 000. The estimation errors tend to be higher for small sample sizes,

but the approximation is comparable to or slightly better than under the POT method. In addition,

under both the EVMM and POT approach, the results differ substantially between different samples of

relatively small size, and outliers may have a great impact.

We further apply the EVMM method to two data sets of empirical insurance losses. For the sample of

U.S. hurricane losses, the lognormgpd(con) mixtures lead to a much closer approximation of the largest

observations than the remaining EVMMs, but cannot keep up with the POT approach. The tails of the

distribution of fire insurance losses cannot be adequately modeled by any of the considered EVMMs. The

POT approach, in contrast, permits a rather good approximation, and a simple pareto approximation

leads to lower estimation errors, as well. These results are only based on the empirical quantiles. The

quantiles of the true underlying distribution may differ, but the very low threshold estimates, exaggerated

GPD shape parameters, and posterior distributions that do not even cover the empirical quantiles indicate

that the EVMM approach is inadequate for this loss distribution.

The relatively good fit for the simulated data in contrast to the substantial estimation errors in the

empirical applications is not the result of the different types of analyses. There are several empirical data

sets which can be well approximated under the EVMM approach. For example, according to Wong and Li

(2010) and Laas (2016), the weibullgpd mixture leads to a good approximation of the tails of a sample of

reinsured automobile losses. Moreover, in the simulation study, we also compare the estimated quantiles

with the empirical quantiles of the respective data set and obtain even slightly lower estimation errors

(the results are not included in the paper). Our results therefore only reflect the considerable variation of

the EVMM tail fit between different applications. A comparison of the estimates of ξ for the distributions

of windstorm losses and reinsured automobile losses in Laas (2016) (around 0.2) with the estimates for

the U.S. hurricane and Aon Re Belgium fire insurance losses indicates that the tail heaviness may be an

influence factor on the adequacy of the EVMM approach. However, this requires further analyses. A

fundamental problem of the EVMM method is the occurrence of rather low threshold estimates in the

case of an inadequate bulk model in combination with a slow convergence of the excess distribution to

the GPD (i.e., the GPD approximation is only valid in the tail). For the bulk distributions considered

in this paper, the EVMM approach is therefore only sometimes an appropriate tool to circumvent the

threshold selection problem of the POT method.

In comparison to the simple parametric distributions, the EVMM approach permits a comparable or

better tail approximation for most applications considered in this paper (with very few exceptions for

the pareto distribution at the highest quantile levels). Moreover, an analysis of the overall goodness-

of-fit shows similar or better AIC values under the extreme value mixture distributions. If the goal is

the approximation of the whole distribution by means of one single model with a relatively good tail
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approximation up to certain quantile level, the EVMM method therefore seems to be a good (but also

costly) alternative to the use of a simple parametric distribution.

In view of the substantial computational efforts, an insurer has to consider carefully whether it is worth

implementing the EVMM approach. An advantage is the applicability of the EVMM approach to various

risks an insurance company is exposed to. Thus the implementation costs can be split and the expenses are

not completely in vain if the approach turns out to be inappropriate for the data set at hand. As mentioned

in the introduction, the EVMM approach can also be applied to financial risks (in an extendend version).

In addition, the method can be used for the approximation of operational loss distributions (see Bee,

2012, and Ergashev et al., 2013). Due to the very heavy tails of many distributions of operational losses

(see, e.g., Moscadelli, 2004, and Chapelle et al., 2008), we assume that the EVMM tail approximation

also varies substantially between different data sets. This requires further examination.

Our paper focuses on three parametric EVMMs, the semiparametric approach of Cabras and Castellanos

(2011), as well as the kernelgpd mixture of MacDonald et al. (2013). Future work could extend the

analyses to other semi- and nonparametric alternatives, such as the models of Tancredi et al. (2006),

Do Nascimento et al. (2012), and Fúquene Patiño (2015). They approximate the bulk distribution (or

some part of the bulk distribution) by means of mixtures of uniform distributions, a finite number of

gamma densities, and a Dirichlet process mixture of gamma densities, respectively. This increases the

flexibility of the bulk model compared to the fully parametric EVMMs, but also complicates the estimation

and increases the computational burden.
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Appendix A

ξ u Q0.95 Q0.975 Q0.99

Empirical 8.20·103 1.15·104 2.45·104

(1a) Gammagpd, PTF (0.51; 1.51) (20; 189) (4.3·103; 1.5·104) (6.7·103; 3.9·104) (1.0·104; 1.5·105)

(1b) Gammagpd, BTF (0.74; 1.84) (19; 81) (4.1·103; 2.1·104) (7.1·103; 7.0·104) (1.1·104; 3.5·105)

(1c) Gammagpdcon, PTF (0.53; 1.44) (38; 173) (4.2·103; 1.5·104) (6.9·103; 3.8·104) (1.1·104; 1.3·105)

(1d) Gammagpdcon, BTF (1.41; 2.45) (4; 23) (5.0·103; 5.1·104) (1.0·104; 2.6·105) (2.6·104; 2.3·106)

(2a) Lognormgpd, PTF (−0.50; 3.23) (70; 1.6·104) (5.1·103; 1.1·104) (8.2·103; 2.4·104) (1.1·104; 8.1·104)

(2b) Lognormgpd, BTF (−0.50; 4.80) (2.6·103; 1.6·104) (4.7·103; 1.4·104) (8.1·103; 2.9·104) (1.0·104; 1.0·105)

(2c) Lognormgpdcon, PTF (−0.23; 3.52) (95; 1.5·104) (4.5·103; 1.4·104) (6.7·103; 3.4·104) (9.5·102; 1.6·105)

(2d) Lognormgpdcon, BTF (−0.40; 4.04) (1.8·103; 1.6·104) (4.5·103; 1.4·104) (7.0·103; 3.6·104) (1.2·103; 4.9·105)

(3a) Weibullgpd, PTF (0.52; 1.62) (19; 250) (4.2·103; 1.6·104) (6.6·103; 4.7·104) (1.1·104; 1.9·105)

(3b) Weibullgpd, BTF (0.70; 1.81) (19; 82) (4.1·103; 2.1·104) (7.1·103; 7.0·104) (1.2·104; 3.4·105)

(3c) Weibullgpdcon, PTF (0.52; 1.44) (33; 201) (4.2·103; 1.5·104) (6.8·103; 3.8·104) (1.1·104; 1.3·105)

(4) Semipargpd (0.32; 1.39) (65; 1.1·103) (4.4·103; 1.3·104) (7.1·103; 3.3·104) (1.1·104; 1.1·105)

(5a) Kernelgpd, PTF (0.52; 1.36) (65; 274) (4.3·103; 1.4·104) (6.7·103; 3.3·104) (1.1·104; 1.1·105)

(5b) Kernelgpd, BTF (0.50; 1.35) (65; 291) (4.4·103; 1.4·104) (6.7·103; 3.3·104) (1.1·104; 1.1·105)

(5c) Kernelgpdcon, PTF (0.56; 1.42) (79; 301) (4.4·103; 1.5·104) (7.0·103; 3.7·104) (1.1·104; 1.2·105)

(5d) Kernelgpdcon, BTF (0.55; 1.40) (79; 276) (4.3·103; 1.4·104) (6.9·103; 3.6·104) (1.1·104; 1.2·105)

(6a) POT, u = 1500 (0.07; 1.14) (5.2·103; 1.2·104) (7.9·103; 2.5·104) (1.2·104; 6.4·104)

(6b) POT, u = 2800 (−0.04; 1.30) (5.3·103; 1.2·104) (7.9·103; 2.4·104) (1.2·104; 6.8·104)

(6c) POT, u = 3912 (−0.20; 1.16) (5.8·103; 1.3·104) (8.8·103; 2.5·104) (1.3·104; 5.9·104)

(7) Lognormal (4.7·103; 1.4·104) (8.6·103; 2.9·104) (1.8·104; 6.9·104)

(8) Pareto (4.4·103; 3.4·104) (9.0·103; 1.4·105) (2.2·104; 9.8·105)

(9) Burr (4.1·103; 1.7·104) (7.1·103; 4.8·104) (1.2·104; 1.9·105)

Table A1: Posterior Intervals for the U.S. Hurricane Data Set

This table shows the 95% posterior intervals of the estimates for the sample of U.S hurricane losses. The table contains the
posterior intervals for the shape parameter ξ, the threshold u, as well as the quantiles Qα for α = 0.95/0.975/0.99.
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ξ u Q0.975 Q0.99 Q0.995

Empirical 1.96·103 6.44·103 9.55·103

(1a) Gammagpd, PTF (1.50; 1.80) (2.9; 5.1) (1.3·103; 2.6·103) (4.9·103; 1.3·104) (1.3·104; 4.6·104)

(1b) Gammagpd, BTF (1.54; 1.84) (2.8; 3.8) (1.3·103; 2.8·103) (5.3·103; 1.5·104) (1.5·104; 5.2·104)

(2a) Lognormgpd, PTF (1.51; 1.81) (2.7; 4.1) (1.3·103; 2.7·103) (4.9·103; 1.4·104) (1.3·104; 4.7·104)

(2b) Lognormgpd, BTF (1.50; 1.79) (3.0; 3.8) (1.3·103; 2.6·103) (4.9·103; 1.3·104) (1.4·104; 4.6·104)

(2c) Lognormgpdcon, PTF (1.47; 1.84) (1.5; 7.9) (1.2·103; 2.8·103) (4.5·103; 1.4·104) (1.2·104; 5.0·104)

(2d) Lognormgpdcon, BTF (1.62; 1.91) (1.7; 2.9) (1.5·103; 3.2·103) (6.3·103; 1.8·104) (1.9·104; 6.7·104)

(3a) Weibullgpd, PTF (1.50; 1.81) (3.0; 4.5) (1.2·103; 2.6·103) (4.8·103; 1.4·104) (1.3·104; 4.7·104)

(3b) Weibullgpd, BTF (1.55; 1.84) (1.4; 3.2) (1.3·103; 2.8·103) (5.4·103; 1.5·104) (1.6·104; 5.4·104)

(3c) Weibullgpdcon, PTF (1.51; 1.81) (3.2; 4.6) (1.3·103; 2.7·103) (4.9·103; 1.4·104) (1.3·104; 4.8·104)

(3d) Weibullgpdcon, BTF (1.61; 1.88) (1.3; 2.0) (1.4·103; 3.0·103) (6.0·103; 1.7·104) (1.8·104; 6.0·104)

(4) Semipargpd (1.51; 1.84) (2.7; 6.5) (1.3·103; 2.8·103) (5.0·103; 1.5·104) (1.3·104; 5.1·104)

(6a) POT, u = 206 (1.05; 1.63) (1.4·103; 2.3·103) (3.4·103; 8.5·103) (6.5·103; 2.3·104)

(6b) POT, u = 700 (0.83; 1.51) (1.7·103; 2.6·103) (4.0·103; 7.7·103) (6.8·103; 1.7·104)

(6c) POT, u = 1700 (0.46; 1.13) (1.8·103; 1.9·103) (4.0·103; 7.6·103) (6.9·103; 1.7·104)

(7) Lognormal (5.5·102; 7.6·102) (1.1·103; 1.6·103) (1.8·103; 2.6·103)

(8) Pareto (1.0·103; 1.8·103) (3.4·103; 7.6·103) (8.7·103; 2.3·104)

(9) Burr (2.2·103; 4.9·103) (1.2·104; 3.4·104) (4.1·104; 1.4·105)

Table A2: Posterior Intervals for the Aon Re Data Set

This table presents the 95% posterior intervals of the estimates for the sample of Aon Re Belgium fire insurance losses.
The columns show the posterior intervals for the shape parameter ξ, the threshold u, as well as the quantiles Qα for
α = 0.975/0.99/0.99.5.

US Hurricane Losses Aon Re Belgium Fire Losses

−L AIC BIC −L AIC BIC

(1a) Gammagpd, PTF 1,241 2,494 2,512 8,387 16,786 16,819

(1b) Gammagpd, BTF 1,241 2,491 2,507 8,391 16,791 16,819

(1c) Gammagpdcon, PTF 1,241 2,492 2,507 no conv. no conv. no conv.

(1d) Gammagpdcon, BTF 1,251 2,511 2,523 no conv. no conv. no conv.

(2a) Lognormgpd, PTF 1,244 2,500 2,519 8,386 16,785 16,818

(2b) Lognormgpd, BTF 1,245 2,497 2,510 8,386 16,782 16,809

(2c) Lognormgpdcon, PTF 1,244 2,498 2,513 8,390 16,790 16,817

(2d) Lognormgpdcon, BTF 1,245 2,498 2,510 8,394 16,795 16,817

(3a) Weibullgpd, PTF 1,241 2,494 2,512 8,388 16,788 16,821

(3b) Weibullgpd, BTF 1,240 2,490 2,506 8,394 16,797 16,825

(3c) Weibullgpdcon, PTF 1,241 2,493 2,508 8,389 16,788 16,815

(3d) Weibullgpdcon, BTF no conv. no conv. no conv. 8,396 16,801 16,823

(4) Semipargpd 1,240 not def. not def. 8,388 not def. not def.

(5a) Kernelgpd, PTF 1,239 not def. not def. not calc. not def. not def.

(5b) Kernelgpd, BTF 1,238 not def. not def. not calc. not def. not def.

(5c) Kernelgpdcon, PTF 1,238 not def. not def. not calc. not def. not def.

(5d) Kernelgpdcon, BTF 1,238 not def. not def. not calc. not def. not def.

(7) Lognormal 1,245 2,493 2,500 8,580 17,165 17,176

(8) Pareto 1,251 2,507 2,513 8,503 17,010 17,021

(9) Burr 1,250 2,506 2,515 8,406 16,817 16,834

Table A3: Goodness-of-Fit Statistics U.S. Hurricane and Aon Re Belgium Fire Losses

This table shows the goodness-of-fit results for the samples of U.S. hurricane losses and fire insurance losses. The columns show
the posterior medians of the negative loglikelihood −L, the AIC, and BIC. The fit of model (3d) to the hurricane data and of
models (1c) and (1d) to the fire losses is not shown due to convergence problems of the Markov chains. The AIC and BIC are
not defined for models (4) and (5a) to (5d) and the kernelgpd EVMMs are not applied to the Aon Re Belgium fire losses.
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Appendix B

For the data provided by Risk Management Solutions, Inc., please consider the following disclaimer:

This Information is compiled using proprietary computer risk assessment technology of Risk Management

Solutions, Inc. (“RMS”). The technology and data used in providing this Information is based on the

scientific data, mathematical and empirical models, and encoded experience of scientists and specialists

(including without limitation: earthquake engineers, wind engineers, structural engineers, geologists, seis-

mologists, meteorologists, geotechnical specialists and mathematicians). As with any model of physical

systems, particularly those with low frequencies of occurrence and potentially high severity outcomes, the

actual losses from catastrophic events may differ from the results of simulation analyses. Furthermore, the

accuracy of predictions depends largely on the accuracy and quality of the data used. The Information

is provided under license to the Institut für Versicherungswirtschaft I.VW-HSG and is RMS proprietary

information and may not be reproduced by any third party without the prior written consent RMS. Fur-

thermore, this Information may not be used under any circumstances in the development or calibration

of any product or service offering that competes with RMS. The recipient of this Information is further

advised that RMS is not engaged in the insurance, reinsurance, or related industries, and that the Infor-

mation provided is not intended to constitute professional advice. RMS SPECIFICALLY DISCLAIMS

ANY AND ALL RESPONSIBILITIES, OBLIGATIONS AND LIABILITY WITH RESPECT TO ANY

DECISIONS OR ADVICE MADE OR GIVEN AS A RESULT OF THE INFORMATION OR USE

THEREOF, INCLUDING ALL WARRANTIES, WHETHER EXPRESS OR IMPLIED, INCLUDING

BUT NOT LIMITED TO, WARRANTIES OF NON-INFRINGEMENT, MERCHANTABILITY AND

FITNESS FOR A PARTICULAR PURPOSE. IN NO EVENT SHALL RMS (OR ITS PARENT, SUB-

SIDIARY, OR OTHER AFFILIATED COMPANIES) BE LIABLE FOR DIRECT, INDIRECT, SPE-

CIAL, INCIDENTAL, OR CONSEQUENTIAL DAMAGES WITH RESPECT TO ANY DECISIONS

OR ADVICE MADE OR GIVEN AS A RESULT OF THE CONTENTS OF THIS INFORMATION OR

USE THEREOF.
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Bolancé, C., M. Guillen, and J. P. Nielsen, 2003. Kernel Density Estimation of Actuarial Loss Functions.
Insurance: Mathematics and Economics, 32:19–36.

31



Boneva, L. I., D. G. Kendall, and I. Stefanov, 1971. Spline Transformations: Three New Diagnostic Aids
for the Statistical Data Analyst (With Discussion). Journal of the Royal Statistical Society. Series B1,
33:1–70.

Brewer, M. J., 1998. A Modelling Approach for Bandwidth Selection in Kernel Density Estimation. In
R. Payne and P. Green, editors, Proceedings of COMPSTAT, pages 203–208. Physica Verlag, Heidel-
berg, Germany.

Brewer, M. J., 2000. A Bayesian Model for Local Smoothing in Kernel Density Estimation. Statistics
and Computing, 10:299–309.

Brooks, S. P., 2002. Discussion on the Paper by Spiegelhalter, Best , Carlin and van der Linde. Journal
of the Royal Statistical Society. Series B (Methodological), 64(4):616–618.

Brooks, S. P. and A. Gelman, 1998. General Methods for Monitoring Convergence of Iterative Simulations.
Journal of Computational and Graphical Statistics, 7(4):434–455.

Cabras, S. and M. E. Castellanos, 2009. An Objective Bayesian Approach for Threshold Estimation in
the Peaks Over the Threshold Model, Working Paper.

Cabras, S. and M. E. Castellanos, 2011. A Bayesian Approach for Estimating Extreme Quantiles under
a Semiparametric Mixture Model. ASTIN Bulletin, 41(1):87–106.

Carreau, J. and Y. Bengio, 2009. A Hybrid Pareto Model for Asymmetric Fat-tailed Data: The Univariate
Case. Extremes, 12(1):53–76.

Castellanos, E. M. and S. Cabras, 2007. A Default Bayesian Procedure for the Generalized Pareto
Distribution. Journal of Statistical Planning and Inference, 137:473–483.
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