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ABSTRACT 

 
Annuity contracts transfer the risk of an individual outliving available assets to an 
insurance company. Thus, the insurance company has to value and manage long 
term risks. Interest rate risk and longevity risk are the two most important risks for 
annuity providers. In this paper, we develop a framework to evaluate deferred life 
annuities with stochastic mortality and stochastic interest rate dynamics. We then 
study the impact of model risk on valuation. An important result of this paper is 
the considerable risk potential due to random fluctuations and systematic devia-
tions from the assumptions about interest rate dynamics and mortality dynamics 
over a long time period. 
 
 

1. INTRODUCTION 

 
Annuity contracts are designed to transfer longevity risk from the individual 
policyholder to an insurance company. Thus, the insurance company has to value 
and manage risks which often only become evident after a long period of time. 
The two most important sources of risk for annuity providers are interest rate risk 
and longevity risk. Longevity risk arises from deviations between realized future 
mortality trend and current assumptions. If annuitants on average live longer than 
projected, insurers have to pay more than expected. For instance, the world's old-
est mutual insurance company, Equitable Life, was closed to new business in 
2000. The company offered guaranteed annuity rates based on high interest rates 
and optimistic mortality trends, however, without pricing and reserving ade-
quately.1 The valuation and risk management of long-term risks draws increasing 
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attention in practice, especially after the closure of Equitable Life to new busi-
ness. 
 
The growing concern about longevity risk has also induced an increasing number 
of scientific contributions in the field of mortality risk valuation and risk man-
agement: Milevsky and Promislow (2001), Biffis and Millossovich (2006), Boyle 
and Hardy (2003), Pelsser (2003) apply the concept of risk-neutral valuation to 
guaranteed annuity options in a stochastic mortality environment. Wilkie, Waters 
and Yang (2004) examine reserving, pricing and hedging for unit-linked life in-
surance contracts with guaranteed annuity options. Olivieri (2001), and Olivieri 
and Pitacco (2002) assess longevity risk from mortality projections used for the 
valuation of annuities. Milevsky, Promislow and Young (2005) assume mortality 
risk can be priced via a pre-specified instantaneous Sharpe Ratio and develop a 
valuation framework. Ballotta and Haberman (2006) propose a model for the 
valuation of guaranteed annuity options that incorporates stochastic mortality and 
stochastic interest rate dynamics. Longevity risk in the context of risk transfer to 
capital markets by so-called survivor bonds is studied by Lin and Cox (2005), 
Miltersen and Persson (2005) and Bauer and Russ (2006). 
 
Cairns, Blake and Dowd (2006) present an overview of different risk-neutral 
frameworks for valuation and hedging of mortality risk where both interest rate 
and mortality can be stochastic. In order to model mortality risk, they exploit the 
similarities between force of mortality and interest rates. Using these similarities, 
they are able to apply the existing interest rate modelling frameworks to the force 
of mortality. Luciano and Vigna (2005) model the stochastic mortality intensity 
by using non mean-reverting affine processes and calibrate their models to Italian 
data. In addition, they also introduce jump components in their processes and 
find a good fit for the considered populations. 
 
The impact of model risk on the valuation of deferred life annuities with stochas-
tic force of mortality and stochastic force of interest has not been studied before, 
even though model risk may create a substantial source of risk in the context of 
long-term contracts. In this paper, we assess the impact of model risk under sto-
chastic force of mortality and stochastic force of interest. Therefore, we first es-
tablish a framework for the valuation of deferred annuities including a model for 
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stochastic interest rate dynamics as well as a model for stochastic mortality dy-
namics using a short rate framework for both processes. We assume that inves-
tors are neutral to systematic and unsystematic mortality risk since there are no 
financial instruments in the market up to now, which would make it possible to 
extract a market price of mortality risk. 
 
An important result of this paper is the considerable risk potential implicit in the 
model specifications. Assumptions about interest rate dynamics and mortality 
dynamics over a period of 80 years lead to considerable risk potential due to ran-
dom fluctuations and systematic deviations. In our analysis, the mortality trend 
when going from the 1950 generation to the 1980 generation accounts for up to 
50% increase in the deferred annuity's value, depending on the length of the de-
ferral period. In addition to this trend, mortality can randomly fluctuate around or 
systematically deviate from this trend, thus causing longevity risk. When com-
bining several adverse effects in a worst case analysis, we get substantial in-
creases in annuity value of additional 20% to 104%, depending on the deferral 
period. 
 
The remainder of the paper is organized in four sections. In Section 2, we present 
our model framework for the annuity contract, the stochastic mortality model, the 
stochastic interest rate model, and the valuation formula. Section 3 contains nu-
merical results for different deferred annuities. In Section 4, a sensitivity analysis 
is conducted with respect to the model parameters in order to assess model risk. 
In Section 5, we give a short summary of our findings. 
 
2. MODEL FRAMEWORK 
 
The Annuity Contract 
 
The contract is set up as a single premium deferred annuity. Thus, a person of 
age x buys an annuity contract by paying a lump sum at the inception of the con-
tract. After a deferral period of n years, the policyholder receives annual pay-
ments Rt upon survival until the t-th year. We will assume Rt to be equal to 1 $ 
throughout our analysis. The maximum survival age is denoted by ω.  
 
Starting with a competitive and frictionless market, i.e. all securities are perma-
nently traded and perfectly divisible without taxes, transactions costs or restric-
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tions on borrowing. Let rt be the stochastic short rate. The fair value of the annu-
ity at time 0 is calculated by using the concept of risk-neutral valuation.2 With 
EQ[ |F0] denoting the conditional expected value with respect to the probability 
measure Q under the information available in time 0, τx being the random vari-
able representing the remaining lifetime of a x-year old person and t being the 
times of annuity payments, one gets for the value of a n-year deferred annuity: 
 

0
{ } 0[ exp 1 ]

t

u

x

r dun

n x Q t
t n

a E F
ω

τ

−−

>
=

∫
= ∑ .  (1) 

 
In this equation two sources of risk can be identified: First, financial risk caused 
by the stochastic movement of interest rates and second, mortality risk related to 
the uncertainty of the future remaining lifetime of a x-year old. Therefore, we 
need a stochastic interest rate model and a stochastic mortality model in order to 
capture both sources of randomness. We will assume independence between 
mortality and financial risks as it is common in the literature (e.g. Dahl (2004), 
Ballotta and Haberman (2006)). 
 
The Mortality Model 
 
In the previous section, τx was introduced as random variable modelling the re-
maining lifetime of an x-year old person, depending on the age x of this person. 
The survival function which represents the probability that an x-year old person 
will survive at least s years is given by: 
 

0( | )s x xp P s Fτ= > . (2) 
 
Here, P denotes the objective probability measure. The survival function is a 
convenient means to describe the distribution function of the remaining lifetime 
of an x-year old person. When we examine past mortality tables, we can identify 
two phenomena called "rectangularisation" and "expansion".3 The shape of the 
survival function becomes more and more rectangular, meaning that the ages of 
death are less dispersed around the mode. The other phenomenon, called expan-
sion, means that the most likely age of death increases with time, thus shifting the 

                                                           
2 Cf. Harrison and Kreps (1979). 
3 Cf. Olivieri (2001, p. 232). 
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mode to the right. This is often explained by improvements in economic situation 
and medical progress. The stochastic mortality model should be able to capture 
these two phenomena. 
 
Figure 1 contains the graphs of two survival functions for a 40-year old male 
born in 1950 and in 1980, respectively. The survival functions were constructed 
using probabilities of survival from the Bell Miller (2002) mortality tables. The 
figure illustrates both phenomena described above. The survival function for a 
40-year old born in 1980 decreases at a more moderate rate during the first 40 
years. Afterwards, the 1980 survival function is steeper than the 1950 survival 
function and thus has a more rectangular shape. In addition, the most likely age 
of death is higher for the 1980 generation since the whole curve is shifted to the 
right. 
 
FIGURE 1 

Survival functions for a 40-year old male born in 1950 and in 1980 respectively 
determined from the Bell Miller (2002) mortality tables 

Bell Miller mortality table
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The survival probability can also be expressed in terms of the force of mortality 
which describes the instantaneous probability of death4 and can be denoted as: 
 

                                                           
4 Cf., e.g., Bowers et al. (1997). 
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0
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0[exp | ]

s

x u du

s xp E F
µ−∫

= . (3) 
 
Therefore, the specification of the force of mortality process is crucial for the 
calculation of survival probabilities. Luciano and Vigna (2005) examined differ-
ent doubly stochastic processes for µx in order to model the survival function. For 
our application we follow Luciano and Vigna's approach and use the following 
non-mean-reverting Ornstein-Uhlenbeck process with jumps to model the force 
of mortality: 
 

( ) ( ) ( ) ( )x xd t a t dt dW t dJ tµ µ σ= + + , (4) 
 
where W(t) is a standard Brownian motion and J(t) is a compound Poisson proc-
ess with intensity l > 0 and exponentially distributed jump sizes with expected 
value υ < 0, in order to describe sudden improvements in the intensity of mortal-
ity. In addition, we assume independence between the Brownian motion and the 
Poisson process and also between the jump sizes.  
 
One theoretical drawback of the model is that it allows for negative values of the 
force of mortality, thus turning the survival function into an increasing function 
of age. In addition, the probability of surviving forever tends to infinity. These 
two theoretical problems, however, are of small importance in practical applica-
tions, since the technical conditions to ensure small enough probabilities of nega-
tive force of mortality are usually satisfied and the survival function is only ex-
amined on an interval where it is a decreasing function. The affine framework 
can then be exploited to give an explicit formula for the survival probability:5 
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1( ) (1 )ass e
a

β = − . 

 
The probability of a x-year old of surviving s years thus depends on the parame-
ters of the non-mean-reverting Ornstein-Uhlenbeck process including jumps and 
in particular, the initial force of mortality (0)xµ . 
 
The Interest Rate Model 
 
In order to model the stochastic behaviour of interest rates, we apply the Cox, 
Ingersoll and Ross (1985) model for the short rate r: 
 

( ) ( ( )) ( ) ( )i idr t r t dt r t dW tα µ σ= − + , (6) 
 
where α, µi, σi > 0 and W(t) is a standard Brownian motion under the risk-neutral 
measure Q. The model displays several desirable properties in order to describe 
the dynamics of interest rates. First, it incorporates mean reversion meaning that 
risk-neutral interest rates return to an average risk-free level µi in the long run, a 
property which can be observed in real interest rate markets. The speed of mean-
reversion is determined by α. Second, the volatility σi is an increasing function in 
r(t) which is also observable in the market. In addition, the model only allows for 
non-negative interest rates, which is another desirable property. 
 
Cox, Ingersoll and Ross (1985) showed that in their model, zero-coupon bond 
prices can be calculated using an affine term structure: 
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and 
 

2 22 iγ α σ= +  

 
The zero-coupon bond prices thus depend on the process parameters and on the 
initial short rate. 
 
Valuation Formula 
 
In the first section, we have defined the value of a deferred annuity in formula 
(1): 
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One can express the indicator function of the remaining lifetime random variable 
by using the survival probability from the mortality model. 
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Assuming independence of the underlying processes for the dynamics of the 
short rate and the dynamics of mortality, we can factor the mortality risk part and 
the interest rate part:  
 

0 0
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Since there does not exist a secondary market for mortality-dependent securities 
like annuities, we have an incomplete market setting.6 Thus, we do not have a 
unique martingale measure defined by the market price of risk. Instead we have 
to determine a suitable probability measure for the mortality-dependent part of 
the annuity's value. One possible approach is to assume that the market is neutral 

                                                           
6 Cf. Cairns, Blake and Dowd (2006, p. 116). 
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to both systematic and unsystematic mortality risk.7 The survival probabilities are 
then calculated under the real world measure P. 
 
With the results from the preceding two sections, this can now be rewritten: 
 

(0, )
n

n x t x
t n

a P t p
ω−

=

= ∑  (11) 

 
where (0, )P t  and t xp  are determined as described in the above sections. (0, )P t  
and t xp  can be interpreted as the risk-neutral price of a zero-coupon bond and the 
"risk-neutral" probability of survival. 
 
3. NUMERICAL RESULTS 
 
For our numerical examples we consider two 40-year-old male policyholders, 
born in 1950 and 1980 respectively, who both buy contracts with deferral period 
of 30, 40 and 50 years, respectively. We first calibrate our mortality model to the 
Bell Miller (2002) mortality tables for the 1950 and 1980 generations, respec-
tively, and then we conduct a scenario analysis varying the mortality model pa-
rameters in order to assess the effects of model parameter misspecification. The 
process parameters are initially fitted to the survival probabilities taken from the 
mortality tables by applying the least squares method. As initial value of µ40(0), 
we follow Luciano and Vigna (2005) and use -ln(p40) with p40 determined by the 
appropriate mortality table. 
 
TABLE 1 

Parameter estimates for the process driving the force of mortality. 
Ornstein-Uhlenbeck 
process with jumps Bell Miller 1950 Bell Miller 1980

Error 0.008028367 0.011031295
µ 40(0) 0.003082747 0.002417921
a 0.075423733 0.076863416
σ 0.000001 0.000001
l 0.001728025 0.001943051
ν -0.00003 -0.00003  

                                                           
7 Cf., e.g., Dahl (2004, p. 124), Ballotta and Haberman (2006, p. 202). 
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The fitted parameters for the Ornstein Uhlenbeck process driving mortality are 
denoted in Table 1. The fitted values imply a low volatility for the mortality 
process. This may result from the fact that we are using cohort tables, which are 
partly projected and may be smoothed. We also give a graphical representation of 
the fits. In the following figure, we can observe that the fit looks reasonably good 
given the long time span of eighty years. The fitted survival function will then be 
used as a basic scenario in the sensitivity analysis in Section 4. 
 
FIGURE 2 

Survival functions for a 40-year old male born in 1950 and in 1980, respectively, 
generated by the stochastic mortality process with parameters fitted to the Bell 
Miller (2002) mortality tables. 
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Bell Miller mortality table 1980
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For the interest rate, we assume three different scenarios. All scenarios have a 
risk-neutral long-term risk-free rate of 4%. Thereby, a flat interest rate is used as 
the basic scenario since annuities are usually calculated with a constant interest 
rate. The second scenario assumes an increasing interest rate with time to matur-
ity. The level of mean reversion is equal to 0.15. In the last scenario, the level of 
mean reversion is 0.05, thus slowing down the increase substantially. The differ-
ent scenarios are depicted in Figure 3 with the mean level in red, the 5% and 95% 
percentiles and one illustrating sample path, respectively. In the figure, the yield 
is depicted versus time to maturity in years.  
 
FIGURE 3 

Interest rate assumptions: flat interest rate of 4% on the left, increasing quickly to 
4% in the middle and increasing slowly to 4% on the right. The time to maturity 
in years is denoted on the x-axis while the interest rate r is denoted on the y-axis. 

 
 
Using the mortality model and the interest rate model, we calculate annuity val-
ues for the different parameter sets. The following table shows the lump sum 
amount a male person of age 40 born in 1950 or in 1980, respectively, would 
have to pay for a life-long annuity of 1$ per year, starting at the age of 70, 80 or 
90. 
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TABLE 2 

Annuity values for the different yield curves and mortality parameters. 

mortality 30|a40 40|a40 50|a40

r=4% flat
1950 parameters 2.43619 0.76831 0.13663
1980 parameters 2.82164 0.97682 0.20481

r=4% increasing
1950 parameters 2.43658 0.76851 0.13670
1980 parameters 2.82213 0.97709 0.20492

r=4% increasing slow
1950 parameters 2.68988 0.82376 0.14345
1980 parameters 3.10958 1.04604 0.21489
annuity value increase 16% 27% 50%  

 
The trend in mortality parameters from 1950 to 1980 entails an increase in annu-
ity value of 16% for a 30-year deferral period, 27% for a 40-year deferral period 
and 50% for a 50-year deferral period. Here, one can observe that the parameter 
change for the different generations has a higher effect with increasing age which 
mirrors the expansion effect described above. The increase in lifetime expecta-
tion considerably affects deferred annuity values. One can also see that an in-
creasing interest rate curve that levels off after 30 years does not have an impact 
on the annuity value. This result is also in agreement with intuition since the de-
ferral period is at least 30 years. If the interest rate curve reverts slower to the 
long-term average (in the above scenario 60 years), the interest rate also will 
have an effect on the annuity value. For a deferral period of 30 years, the annu-
ity's value is increased by 10% compared to a flat interest rate structure. This ef-
fect weakens with longer deferral periods, decreasing to 7% for 40 years and 5% 
for 50 years. 
 
4. SENSITIVITY ANALYSIS 
 
In order to assess the risk potential of misspecification of model parameters, we 
will vary the mortality dynamics parameters and check the resulting effect on the 
annuity's value. For the evaluation of risk potential, we only consider parameter 
deviations that increase the annuity's value, thus we only check the downside 
potential. We also restrict ourselves to only consider variations of the mortality 
part of the annuity. 
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First, we increase the mortality process volatility to 0.0001 and to 0.00027, re-
spectively. The value of 0.00027 is chosen since it is the highest value for the 
volatility for which the survival function is still decreasing on the whole interval. 
All other parameters are kept constant. 
 
FIGURE 4 

Survival functions for the 1980 generation in the Bell Miller table, for the fitted 
model, and for the two scenarios with increased volatility. 
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The increase in volatility leads to increased survival probabilities. For a volatility 
of 0.0001, the increase is very small and almost not observable in the graph, 
however, for a volatility of 0.00027, one can observe a substantial increase espe-
cially between age 40 to 65 and at the old ages from 85 onwards. 
 
Now, it is interesting to examine how the increased volatility affects annuity val-
ues and thus to assess the risk potential of volatility misspecification. Therefore, 
we calculate the annuity values using different sets of parameters. The first set 
are the parameters for the mortality process fitted to the 1980 Bell Miller table 
(cf. Table 1). For the interest rate dynamics, we use all three yield curves (cf. 
Figure 3). The other two parameter sets only differ in the volatility used. 
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TABLE 3 

Annuity values for different volatility values. 

mortality 30|a40 40|a40 50|a40

r=4% flat
1980 parameters 2.82164 0.97682 0.20481
volatility 0.0001 2.83168 0.98527 0.20991
volatility 0.00027 2.90285 1.04650 0.24959

r=4% increasing
1980 parameters 2.82213 0.97709 0.20492
volatility 0.0001 2.83216 0.98555 0.21002
volatility 0.00027 2.90336 1.04680 0.24972

r=4% increasing slow
1980 parameters 3.10958 1.04604 0.21489
volatility 0.0001 3.12025 1.05497 0.22022
volatility 0.00027 3.19573 1.11939 0.26154
ann. val. incr. vol. 0.0001 0.4% 0.9% 2.5%
ann. val. incr. vol. 0.00027 3% 7% 22%  

 
In the above table, we can observe that an increase in volatility to 0.0001 does 
only have a remarkable impact for the annuity with the longest deferral period. If 
volatility changes to 0.00027, however, we are facing a different situation. For 
the annuity with the shortest deferral period, we notice an increase of 3% which 
grows to 7% and 22%, respectively, thus causing an enormous risk potential.  
 
We also want to test the sensitivity of the mortality model to changes in the jump 
component parameters. In order to do this, we increase jump frequency and jump 
size in two scenarios. The increase in jump frequency results in 0.125 jumps per 
annum, i.e. on average one jump every eight years. The negative jump size indi-
cates improvements in mortality rates. 
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TABLE 4 

Annuity values for higher jump size and higher jump frequency. 

mortality 30|a40 40|a40 50|a40

r=4% flat
1980 parameters 2.82164 0.97682 0.20481
jump frq=0.0025 2.88183 1.00191 0.21099
jump size=-0.00005 2.82120 0.97656 0.20472

r=4% increasing
1980 parameters 2.82213 0.97709 0.20492
jump frq=0.0025 2.88233 1.00219 0.21111
jump size=-0.00005 2.82168 0.97683 0.20483

r=4% increasing slow
1980 parameters 3.10958 1.04604 0.21489
jump frq=0.0025 3.17563 1.07287 0.22138
jump size=-0.00005 3.10910 1.04577 0.21479
ann. val. incr. frq. 2.1% 2.6% 3.0%
ann. val. incr. size 0.0% 0.0% 0.0%  

 
We can notice that the variation in jump size does not have a remarkable effect 
on the annuity value in this scenario, whereas the variation of the jump frequency 
increases the annuity value by 2% to 3%. The length of the deferral period has an 
impact on the annuity value increase. Similar to the scenarios with increased 
volatility, the value of annuities with longer deferral periods increases more when 
jump frequency changes. However, in contrast to the previous scenario, the value 
increase is not of exponential order. 
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TABLE 5 

Annuity values for different levels of drift parameter a. 

mortality 30|a40 40|a40 50|a40

r=4% flat
1980 parameters 2.82164 0.97682 0.20481
a=0.07 3.23537 1.27328 0.35041
a=0.0837 2.43739 0.72382 0.10680

r=4% increasing
1980 parameters 2.82213 0.97709 0.20492
a=0.07 3.23598 1.27366 0.35058
a=0.0837 2.43776 0.72399 0.10686

r=4% increasing slow
1980 parameters 3.10958 1.04604 0.21489
a=0.07 3.55423 1.36010 0.36700
a=0.0837 2.69429 0.77693 0.11224
ann. val. incr. a=0.07 14.7% 30.3% 71.1%
ann. val. incr. a=0.0837 -13.6% -25.9% -47.9%  

 
For the impact analysis of changes in the drift parameter a, we deviate from our 
initial premise and also consider the upside potential of changes in a. While for 
the annuity with the shortest deferral period, the risk potential seems to be nor-
mally distributed around the parameter estimate, this is not the case for longer 
deferral periods. Here, the increase in annuity value is higher than the decrease, 
when changing the drift parameter. This suggests that with longer deferral peri-
ods, the risk potential shifts upwards. Considering changes in a by looking at 
specified scenarios is a simple method to assess risk potential from longevity 
risk. The increase in annuity value ranges from 14% to 70%, depending on the 
deferral period. 
 
Now, that the effects from variations in the single parameters are evident, we 
combine several adverse effects to check the combined effects. Therefore, we set 
a=0.07, σ=0.00027, and l=0.0025. 
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TABLE 6 

Annuity values for a=0.07, σ=0.00027, l=0.0025. 

mortality 30|a40 40|a40 50|a40

r=4% flat
1980 parameters 2.82164 0.97682 0.20481
combined scenario 3.39507 1.38602 0.41922

r=4% increasing
1980 parameters 2.82213 0.97709 0.20492
combined scenario 3.39572 1.38643 0.41940

r=4% increasing slow
1980 parameters 3.10958 1.04604 0.21489
combined scenario 3.72535 1.47881 0.43854
annuity value increase 20.3% 41.9% 104.7%  

 
Combining several adverse effects in order to provide an indication for a worst 
case scenario leads to significant effects on all annuities. Here, we join the indi-
vidual adverse parameter values for drift, volatility and jump frequency used in 
the previous analyses. For the annuity with the shortest deferral period, the value 
increases by 20%, when comparing the combined scenario with the parameters 
fitted to the Bell Miller 1980 curve. For the 40-year deferral period, the increase 
is 42%, while the increase for the longest deferral period is 104%. Thus, we see 
that the adverse effect increases with increasing deferral periods. 
 
5. SUMMARY 
 
We have provided a framework including stochastic interest rates and a stochas-
tic mortality model which can be used to value deferred annuities. Following 
Luciano and Vigna's (2005) approach, we have calibrated the mortality model to 
United States Social Security data. Using different assumptions for the yield 
curve, we have simulated model risk by varying model parameters and thus as-
sessed the risk arising from model misspecification. 
 
Our findings show that variations in the parameters have varying effects on the 
deferred annuity's value. While the increase in volatility adds 3% to 22% to the 
value of the deferred annuity, variations in jump size do not have a remarkable 
effect and changes in jump frequency only add 2% to 3% in our model. Clearly, 
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the annuity value is most sensitive to changes in the drift parameter a, which may 
increase the annuity's value by 14% to 70%. 
 
The results of the conducted sensitivity analysis show the substantial risk poten-
tial arising from long term projections. Actuaries need to be aware of those risks 
when pricing annuity contracts that cover a long time period. Moreover, these 
risks need to be actively managed constantly by monitoring mortality data and 
interest rate data. Possible tools that can help to manage this risk may be reserves 
that are set up using adverse scenarios or simulation techniques, for example. 
Other possible risk management measures may be the use of reinsurance or the 
transfer of longevity risk to capital markets. Currently, research as well as practi-
tioners are strongly exploring the transfer of longevity risk to capital markets in 
order to create a hedging instrument for longevity risk. This paper underlines that 
longevity risk may be substantial and that the efforts to assess and manage this 
risk are necessary. 
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