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Abstract 
Standard models for capital requirements restrict the correlation between risk factors to 

the linear measure and disregard undertaking-specific parameters. We propose a comprehensive 

framework for risk aggregation in non-life insurance using vine copulas and two levels of 

aggregation: base level (within asset and underwriting modules) and top level (between asset 

and underwriting modules). Using empirical data from Korean and German insurance 

companies, we compare our internal risk model with three regulatory standard models (Korean 

risk-based capital, Solvency II, Swiss Solvency Test) and show that the standard models lead 

to more than 50% higher capital requirements on average. Half of the overestimation results 

from the uniform parameter selection imposed by regulations and the other half comes from the 

linear correlation assumption. The differences between standard models and internal models 

might distort competition when both approaches are used in a single market. 
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1 Introduction 

In the aftermath of the 2008 financial crisis, meeting the capital requirement became one of the 

central management tasks in the banking and insurance industries. Solvency II (SII) as the new 

regulatory standard for insurance companies in the European Union covers potential losses 

from the asset and liability side of an insurer by calculating solvency capital requirements 

(SCR) based on either a standard formula or an accredited internal risk model (EC, 2014). Other 

regulatory standards such as the U.S. risk-based capital (U.S. RBC), the Swiss Solvency Test 

(SST) or the Korean RBC (K-RBC) of interest in this study have recently been developed or 

revised (NAIC, 2013, 2017; FINMA, 2016; FSS, 2017). 

The regulatory frameworks aggregate risks from the assets and liabilities to protect the insurer 

against simultaneous losses in a stressed situation. The distributions of such risks vary, 

especially between risk factors in the asset and underwriting portfolios, including significant 

tail risks. However, despite significant differences in risk distributions, regulatory standard 

models (e.g., SII and the K-RBC) require insurers to aggregate them under the linear 

dependence assumption with predefined correlation parameters and do not allow undertakings 

to replace the correlation parameters by undertaking-specific parameters (EC, 2014, p. 151; 

FSS, 2017, p. 199). Obviously, it is computationally convenient to aggregate risks under the 

linear dependence assumption. However, a clear drawback of this approach is that capital 

requirements might be misestimated by uniformly aggregating risks, which can display 

different distributional features and shapes (Tang and Valdez, 2009). The linear correlation 

assumption could not capture any symmetric or asymmetric tail risks, despite significant 

evidence of tail risks between assets (see, e.g., Rosenberg and Schuermann, 2006) and liabilities 

(see, e.g., Diers, Eling and Marek, 2012).  

In addition to the linear correlation assumption, the regulatory standard models do not use 

undertaking-specific parameters on risk factors. Instead, they predefine either parameters (SII, 

K-RBC) or a certain distributional assumption on asset and underwriting risks (SST) for all 

undertakings. However, the parameters predefined by the regulations do not fully reflect the 

empirical data for an individual undertaking and distributional properties vary between assets 

and underwriting risks in different datasets (McNeil, Frey and Embrechts, 2005, p. 36; Kaas et 

al., 2008, p. 61). It might be inappropriate to apply homogeneous parameters into datasets with 

heterogeneous properties and to aggregate different risks with the same statistical tools. All 

these limitations motivate us to study alternatives to the regulatory standard models. 
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To overcome such limitations, insurers construct and use internal risk models (EC, 2014, 

Chapter VI; FINMA, 2006, p. 4).1F

1 The approval of an internal model by the regulator for 

calculating capital requirements can send a positive signal to investors and analysts that the 

company can optimize its economic capital (Binham and Ralph, 2015). However, establishing 

an internal risk model requires resources that small and mid-sized insurance companies cannot 

afford. This might lead to significant differences in solvency models used in one market so that 

competition might be distorted (Eling, Schmeiser and Schmit, 2007).2F

2 Developing appropriate 

internal risk models and quantifying potential deviations to regulatory standard models are thus 

not only of interest for academics in the field of actuarial science, but also highly relevant for 

insurance managers, regulators and public policy. 

To understand potential deviations between internal models and standard models, we construct 

internal risk models that aggregate different risk types of a non-life insurer using realistic asset 

and underwriting portfolios. To our knowledge, the literature has presented no comprehensive 

framework to aggregate asset and underwriting risk under the consideration of the correlation 

assumption and predefined parameters. Studies in the insurance field have typically limited the 

risk aggregation to the liability side.3F

3 We overcome the limitations of previous studies by using 

the recently developed vine copula and suggest a comprehensive method of measuring the 

solvency of a non-life insurer on both asset and liability by building a two-step aggregation 

model: base level and top level. The former models the dependence structures of different assets 

and underwriting risks from various lines of business (marginal modeling with undertaking-

                                                           
1  The regulators thus do not force undertakings to adapt the standard model. The European Commission also 

requires insurers to conduct an assessment process called the own-risk and solvency assessment (ORSA; EC, 
2014, p. 187) critically reflecting the methods and main assumptions of the standard model. The internal model 
has not been institutionalized in the Korean regulation system, but is planned to be adopted (FSS, 2017, p. 6). 
The modeling procedure and risk aggregation in this study illustrates how important it is to adequately reflect 
the risk factors and their dependency. Our results also supports the conclusion of Bølviken and Guillen (2017) 
that the correlation assumption in the current Solvency II framework should be replaced by copulas. 

2  While both standard and internal models should ensure effectiveness (i.e. meeting the regulatory capital 
requirements), it might be that the standard model significantly overestimates the necessary capital. If the 
benefit (possible reduction of necessary capital) exceeds the costs of developing and using an internal model, 
it would be more efficient to use the internal model. A distortion in competition might then arise if only large 
companies have the option to use a more efficient internal model. We empirically show that this is the case. 

3  In Appendix A, the contribution of this study is highlighted by comparing methodological aspect and outcome 
of this paper with those of five related references in the non-life insurance context: Pfeifer and Strassburger, 
2008; Eling and Toplek, 2009; Tang and Valdez, 2009; Savelli and Clemente, 2011; Diers, Eling and Marek, 
2012. Diers et al. (2012) propose a risk aggregation method for multi-line non-life insurers using Bernstein 
copulas. Savelli and Clemente (2011) analyze the premium risk of a multi-line non-life insurer by estimating 
the capital requirement with hierarchical Archimedean copulas. Tang and Valdez (2009) implement risk 
aggregation for general insurance and show that copulas capturing tail risks generate higher diversification 
benefits and reduce capital requirements. Eling and Toplek (2009) integrate asset and underwriting portfolios 
for the bivariate case using hierarchical Archimedean copulas and apply the model in a dynamic financial 
analysis for non-life insurance companies (using simulation examples, but no real data). 
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specific parameters). The latter couples the estimated aggregate distributions of assets and 

liabilities. 

This paper contributes to the academic literature and insurance practice in two ways. Firstly, 

we develop an integrated framework for the economic capital calculation that combines asset 

and insurance portfolios4F

4 with undertaking-specific parameters and that considers all possible 

multivariate dependence models in the copula field. This allows us to identify the internal risk 

model that best fits the data using an up-to-date copula methodology. Secondly, we empirically 

compare our internal risk model with regulatory standard models and document significant 

differences (61.2% on average for Korea and 57.8% on average for Germany) between the two 

approaches.5F

5  Revealing these massive differences has important policy implications for 

insurance managers and regulators, since they might create an uneven playing field that places 

small- and mid-sized insurers at a disadvantage. We illustrate this by applying our models to 

companies of different sizes. 

The rest of the paper is structured as follows. In Section 2, we present three regulatory 

frameworks (K-RBC, SII and SST), followed by the methodological framework. We describe 

the data used in the empirical study in Section 3. Section 4 presents the marginal modeling and 

the dependence modeling at the base and top levels. Applications to the economic capital 

calculation are given in Section 5. Finally, we conclude and discuss further research questions 

in Section 6. 

2 Regulation, theoretical background and model framework 

2.1 Regulatory frameworks 

Korean risk-based capital (K-RBC) 

The RBC system was launched in the early 1990s by the National Association of Insurance 

Commissioners (NAIC) in the U.S. Modified versions have been applied in many other 

countries (e.g., Australia, Japan, Korea, Singapore and the U.K.). The K-RBC system by the 

Korean financial supervisory service (FSS), which is of interest in our empirical study, came 

                                                           
4  We focus on the market risk and underwriting risk module, which are the two main risk drivers for a non-life 

insurance company, as evidenced, for example, in the Solvency II field tests (see BaFin, 2011, p. 21). 
5  In the empirical part we consider three recently developed and often cited models: SII, SST and the K-RBC 

model, which is close to the U.S. RBC standard. The data we consider is from Korea and Germany, two 
comparable markets from different parts of the world that have already implemented “risk-based capital” 
regulations. According to Swiss Re (2018), the Korean insurance market is ranked seventh in the world and 
third in Asia with regard to the total premium volume ($ 181.2 bn); the German insurance market is sixth in 
the world and third ($ 223.0 bn) in Europe. We also consider two different markets, since most studies 
concentrate on data from one market or on simulated data (see Appendix A). 
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into effect in April 2011 and was revised in 2017 (FSS, 2017). It requires insurers to estimate 

the RBC ratio and its components as follows (FSS, 2017, p. 37): 

𝑅𝑅𝑅𝑅𝑅𝑅 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 =
𝐴𝐴𝐴𝐴𝑟𝑟𝑟𝑟𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴𝐴𝐴 𝑐𝑐𝑟𝑟𝑐𝑐𝑟𝑟𝑟𝑟𝑟𝑟𝐴𝐴
𝑅𝑅𝐴𝐴𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝐴𝐴𝑅𝑅 𝑐𝑐𝑟𝑟𝑐𝑐𝑟𝑟𝑟𝑟𝑟𝑟𝐴𝐴

× 100 ≥ 150, (1) 

  

𝐴𝐴𝐴𝐴𝑟𝑟𝑟𝑟𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴𝐴𝐴 𝑐𝑐𝑟𝑟𝑐𝑐𝑟𝑟𝑟𝑟𝑟𝑟𝐴𝐴 = 𝑅𝑅 − 𝐼𝐼 + 𝑆𝑆, (2) 
  

𝑅𝑅𝐴𝐴𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝐴𝐴𝑅𝑅 𝑐𝑐𝑟𝑟𝑐𝑐𝑟𝑟𝑟𝑟𝑟𝑟𝐴𝐴 = ���𝑅𝑅𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖,𝑗𝑗 × 𝑅𝑅𝑟𝑟𝑅𝑅𝑘𝑘𝑖𝑖 × 𝑅𝑅𝑟𝑟𝑅𝑅𝑘𝑘𝑗𝑗
𝑗𝑗=1𝑖𝑖=1

, (3) 

where 𝑅𝑅 is the summation of core capital and supplementary capital, 𝐼𝐼 are intangible assets, 𝑆𝑆 

are any capital deficiency of subsidiaries, 𝑅𝑅𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖,𝑗𝑗 is a correlation coefficient between risk i and 

risk j, and 𝑅𝑅𝑟𝑟𝑅𝑅𝑘𝑘𝑖𝑖 and 𝑅𝑅𝑟𝑟𝑅𝑅𝑘𝑘𝑗𝑗 are the exposures of the i-th and j-th risk. 

The K-RBC is a factor-based system requiring insurers to use a risk coefficient for each risk 

factor given in the standard model.6F

6 The risks in equation (3) are estimated from individual 

modules consisting of insurance, market, credit, interest rate and operational risk. The K-RBC 

system classifies insurance risk into four categories based on the coverage (life, long-term non-

life, automobile and general insurance); the market risk module consists of three asset classes 

(short-term trading securities, derivatives and foreign exchange).7F

7 The evaluation of insurance 

risk is determined by premium risk and reserve risk, which are estimated by the sum of 

multiplication of risk exposure and adjusted risk coefficient under a predefined correlation. 

The key difference between the initial system in 2011 and the revised 2017 system is that an 

insurer needs to consider the correlation and the diversification effect between sub-risks in the 

insurance risk module and the confidence level to estimate the economic capital is increased 

from 95% to 99% (FSS, 2017, p. 6, p. 43). However, the new framework still does not require 

                                                           
6  The standard risk coefficient for a risk factor i (=𝛾𝛾𝑖𝑖) can be calculated as follows (FSS, 2017, p. 29): 

𝛾𝛾𝑖𝑖 =
𝑉𝑉𝑟𝑟𝑅𝑅𝛼𝛼

𝐸𝐸𝐸𝐸𝑐𝑐𝐴𝐴𝑐𝑐𝑟𝑟𝐴𝐴𝑅𝑅 𝐴𝐴𝑟𝑟𝑅𝑅𝑅𝑅
=

inf�𝑋𝑋𝑖𝑖 ∈ ℝ: 𝑋𝑋𝑖𝑖 ≥ 𝐹𝐹𝑋𝑋𝑖𝑖
−1(1 − 𝛼𝛼)�

𝐸𝐸[𝑋𝑋𝑖𝑖]
, 

where 𝛼𝛼 is a confidence level for Value-at-Risk of the risk factor i, 𝑋𝑋𝑖𝑖 is a loss vector and 𝐹𝐹𝑋𝑋𝑖𝑖 is a probability 
function of 𝑋𝑋𝑖𝑖. Here, 𝑉𝑉𝑟𝑟𝑅𝑅𝛼𝛼 is a possible loss amount (positive value) at the determined confidence level 𝛼𝛼. 
Insurers have an opportunity to adjust the standard risk coefficient using 50% of the difference in the combined 
ratio between an insurer and the industry average (FSS, 2017, p. 48; explained in detail in Appendix E). 

7  General insurance contains fire, package, marine, accident, liability and others, whereas long-term non-life 
insurance includes death/disability, disease, property, medical expense and others (see FSS, 2017, p. 47 for 
long-term non-life insurance and p. 55 for general insurance). Short-term trading securities consist of equities 
and bonds (treasury and corporate) classified as the short-term trading assets from the corporate balance sheet 
in Korean currency and the foreign exchange class is the risk caused by the change in the exchange rate from 
the country in which the asset is invested (see FSS, 2017, p. 130). 
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correlations between sub-risks in the market risk module, which is a difference between the K-

RBC and SII. Table 1 gives the assumed correlation matrices between the risk modules and 

between the risk classes of insurance risk. 

Table 1. Correlation Matrices under the K-RBC (FSS, 2017, p. 36) 

Panel A: Correlation of risk modules  Panel B: Correlation of insurance risk 
 Insur Market Credit Interest   Life LT-NL Auto General 
Insur 1     Life 1    
Market 0.25 1    LT-NL 0.25 1   
Credit 0.25 0.5 1   Auto 0.25 0.25 1  
Interest 0.25 0.5 0.5 1  General 0.25 0.5 0.5 1 
Note: LT-NL=Long-term non-life risk. 

Solvency II (SII) 

SII, the new European Union regulatory framework that took effect in January 2016, is a 

scenario-based system that considers risk parameters in predefined stress situations, which are 

calibrated with data from a variety of insurers from different European countries. SII is 

comprised of market, default, life, non-life, health and operational risk modules (EC, 2014). 

Market risk incorporates six risk factors (interest rate, equity, property, spread, currency and 

concentration) providing calibrated parameters for potential stressed scenarios.8F

8 The non-life 

underwriting risk module consists of premium risk, reserve risk and catastrophe risk factors for 

different lines of business with predefined correlation assumptions (EC, 2014, Annex IV). The 

capital requirement by SII, which is called solvency capital requirement (SCR), is calculated 

using the square root formula (equation (3)) with replacing 𝑅𝑅𝑟𝑟𝑅𝑅𝑘𝑘𝑖𝑖 and 𝑅𝑅𝑟𝑟𝑅𝑅𝑘𝑘𝑗𝑗 by 𝑆𝑆𝑅𝑅𝑅𝑅𝑖𝑖 and 𝑆𝑆𝑅𝑅𝑅𝑅𝑗𝑗 

respectively. 

The SCR for each module is evaluated at 99.5% confidence level based on parameters 

calibrated under certain stress situations, where values of assets and liabilities are affected by a 

particular risk (see EC, 2010, for more details). SII specifies the correlation measures within 

and between risk modules. Table 2 shows the correlation matrices between risk modules and 

within the non-life and market risk module. SII differentiates the correlation assumptions of the 

market risk module into two possible scenarios: “up” and “down” shocks of interest rate. 

 

 

 

 

                                                           
8  The standard capital requirement for a sub-module of market risk is calculated by the change in the net asset 

value (asset–liability) from a normal state to a stressed state (see EC, 2014, Section 5 in Chapter V for details). 



6 
 
 

Table 2. Correlation Matrices under SII (EC, 2010, p. 96; EC, 2014, p. 105, p. 233) 
Panel A: Correlation of risk modules  Panel B: Correlation of non-life risk 

 Mkt Def Life Hth NL   Mot Fire MAT Liab Mis 
Mkt 1      Mot 1     
Def 0.25 1     Fire 0.25 1    
Life 0.25 0.25 1    MAT 0.5 0.25 1   
Hth 0.25 0.25 0.25 1   Liab 0.5 0.25 0.25 1  
NL 0.25 0.5 0 0 1  Mis 0.5 0.5 0.5 0.5 1 

Panel C: Correlation of market risk 
Correlation for the “up” shock  Correlation for the “down” shock 

 Interest Equity Property Spread   Interest Equity Property Spread 
Interest 1     Interest 1    
Equity 0.5 1    Equity 0 1   
Property 0.5 0.75 1   Property 0 0.75 1  
Spread 0.5 0.75 0.5 1  Spread 0 0.75 0.5 1 
Note: Mkt=Market risk; Def=Default risk; Hth=Health risk; NL=Non-life risk; Mot=Motor; MAT=Marine, aviation and 
transport; Liab=3rd party liability; Mis=Miscellaneous. In panel B and C, the original matrices consist of more factors, but 
we only show the relevant factors to our empirical data. 

Swiss Solvency Test (SST) 

SST, which came into effect in 2006, specifies 74 risk factors that potentially influence the asset 

side of an insurer and 13 risk factors in the non-life underwriting module (FINMA, 2006). SST 

proposes a model-based approach to derive capital requirements for different risk modules; a 

multivariate normal distribution is assumed for the market risk module (FOPI, 2004, p. 19). 

The claims distributions are split into normal, large and catastrophic claims by using mean and 

standard deviation of the lognormal distribution, a compound Poisson process and a scenario-

based model, respectively (FOPI, 2004, p. 22).9F

9 SST requires insurers to estimate their potential 

risk levels using Tail Value-at-Risk at 99% confidence level and uses the convolution to 

aggregate normal and large claims and the asset portfolio and underwriting portfolio (FOPI, 

2004, p. 24).10F

10 

2.2 Theoretical background and model framework 

Non-life insurers typically operate several lines of business and form a risk pool to realize 

diversification effects. Most of the earned premiums are invested in capital markets and 

diversified into risky and safe investments. We thus need to aggregate different risk factors 

from the asset and liability side of the balance sheet when estimating the insurers’ total risk and 

capital requirements. A risk factor is here a single asset or a single line of insurance business. 

The starting point of the risk aggregation process is to generate the aggregate distribution of 

individual risk factors from the asset and liability side. At this base level of aggregation, each 

                                                           
9  Large claims are defined as those above either 1 million or 5 million CHF; catastrophic claims are those that 

significantly influence several lines of business at the same time or are not covered by large claims distribution 
(FOPI, 2004, p. 44). 

10  FINMA (2006) conducts a field test using monthly asset data from different firms and calibrates a variance-
covariance matrix in its standard model. 
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marginal distribution needs to be parametrically specified to reflect the distributional feature of 

each risk factor. Then, we aggregate the estimated margins considering the dependence 

structure between risk factors. Copula methods are widely used for this aggregation by 

transforming heterogeneous margins to uniform distributions (see, e.g., Embrechts and Puccetti, 

2008; Giacometti et al., 2008).11F

11 

Several copula methods have been developed to estimate the dependence structure of risk 

factors. Gaussian and student-t copulas belonging to elliptical family are popular functions used 

in practice due to their statistical convenience (Embrechts, Lindskog and McNeil, 2001). 

Clayton and Gumbel copulas belong to the Archimedean family and are widely used in 

modeling dependency, projecting asymmetric tail dependency (Nelson, 2006). Recently, high-

dimensional dependence models have been developed and applied to different fields of study: 

Hierarchical Archimedean Copula structure (HAC; also called nested Archimedean copula) and 

Pair Copula construction (PCC; also called vine copula model).12F

12  Various papers have 

employed HAC to reduce the dimension and find a more accurate high-dimensional dependence 

structure than typical copula functions such as elliptical copulas and simple Archimedean 

copulas (e.g., Joe, 1997; Embrechts et al., 2001; Nelson, 2006; Savu and Trede, 2010). 

Similarly, PCC is used to reduce the dimension by pairing the variable set and more accurately 

establish a flexible dependence structure (Bedford and Cooke, 2001). PCC was introduced by 

Joe (1996) and has been developed by Bedford and Cooke (2002), Kurowicka and Cooke 

(2006) and Aas et al. (2009). 

PCC is more flexible than HAC in terms of the range of copula functions possibly used in the 

construction, whereas it has more parameters to be estimated. Aas and Berg (2009) compare 

HAC and PCC theoretically and empirically, concluding that PCC is computationally more 

efficient and less restrictive than HAC. Aas et al. (2009) have built a theoretical frame for PCC, 

provided algorithms and applied the model to a financial portfolio. However, there is still a lack 

of empirical studies on insurance data, especially in combination with asset modeling in a high-

                                                           
11  We assume that the reader is familiar with the concept of copula and multivariate modeling with copula, which 

originates from Sklar’s theorem (1959). Traditionally, the risk aggregation is carried out using a variance-
covariance matrix under normality assumption on the margins leading to the joint normality, especially for the 
asset portfolio management; the insurance risks are traditionally aggregated under independence (Embrechts, 
McNeil and Straumann, 2002).  

12  See for instance Savu and Trede (2010) with HAC for financial data, Schepsmeier and Czado (2015) with PCC 
for car crash simulation data and Eling and Jung (2018) with PCC for data breach records. Daul, De Giorgi, 
Lindskog and McNeil (2003) describe another high-dimensional dependence model, the grouped t-copula, 
which models heterogeneous levels of tail dependence by aggregating sub-vectors of the d-dimensional vector 
of variables. We focus on tree (or level)-based multidimensional copula models recently developed, but the 
grouped t-copula by Daul et al. (2003) provides an alternative approach to model a large set of risk factors 
from different classes using the t-copula. 
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dimensional setting.13F

13 The PCC method is comprised of three structures: D-Vine (drawable 

vine copula), C-Vine (canonical vine copula) and R-Vine (regular vine copula). The D-Vine is 

a structure in a row with the hierarchical construction, the C-Vine describes a dependence 

structure where a core risk factor connects the rest of factors and the R-Vine links the risk 

factors according to the level of dependency. 14F

14 The R-Vine as a more general structure can 

incorporate the C-Vine and the D-Vine according to the dependence structure of random 

variables. 

In addition to these parametric dependence models, we consider the Bernstein copula as an 

alternative base-level model, which is a type of empirical copula with Bernstein polynomial 

(Sancetta and Satchell, 2004). We implement the D-Vine structure with Bernstein copula 

recently developed by Kauermann and Schellhase (2014) to make it comparable with other 

pairwise models (HAC and PCC).15F

15 Table 3 illustrates the list of possible copula methods for 

d-dimensional setting used in our empirical study. 16F

16 

  

                                                           
13  There are several studies of risk aggregation for both assets and liabilities (see, e.g., Rosenberg and 

Schuermann, 2006; Aas et al., 2007; Aas and Berg, 2009 for asset aggregation; Tang and Valdez, 2009; Diers, 
Eling and Marek, 2012; Bermudez, Ferri and Guillen (2013); Eling and Jung, 2018 for insurance aggregation), 
but no integrated consideration of assets and liabilities. One relevant study to the correlation issue in Solvency 
II between market risk and underwriting risk is by Filipovic (2009), which discusses the interplay between the 
top-level correlation and the base-level correlation. Bølviken and Guillen (2017) construct an internal model 
incorporating the market, credit and non-life risk modules with Monte Carlo simulation under the lognormal 
assumption updating skewness, which, however, does not provide an empirical analysis. 

14  See Aas et al., 2009 for more details in specific algorithms of D-Vine and C-Vine. See Bedford and Cooke, 
2001, 2002; Czado, 2010; Dissmann et al., 2013 for more details in the density estimation and specification of 
R-Vine. 

15  For more details on mathematical formulations for Bernstein approximation and copula density, see Sancetta 
and Satchell (2004), Pfeifer, Strassburger and Philipps (2009), Diers, Eling and Marek (2012), Kauermann, 
Schellhase and Ruppert (2013) and Yang et al. (2015). 

16  Table 3 builds upon Nelson (2006), Aas and Berg (2009) and Kauermann and Schellhase (2014). We refer to 
those three papers for details on parameter specifications. 
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Table 3. Copula Methods in d-Dimensional Setting 

Model # of parameters Pros Cons 
Gaussian 𝑅𝑅(𝑅𝑅 − 1)

2
 

 Easy to use and interpret. 
 Normally distributed 

margins. 

 No tail dependence. 
 Limited to symmetric 

and linear dependency. 
Student-t 𝑅𝑅(𝑅𝑅 − 1)

2
+ 1 

 Easy to use and interpret. 
 Tail dependence. 

 Limited to symmetric 
dependency. 

Archimedean 1  Easy to construct. 
 A great variety of copula 

families representing 
diverse dependence 
structures exist. 

 Difficult interpretation 
with a single parameter. 

 Exchangeability. 

Hierarchical 
Archimedean 
Copulas (HAC) 

𝑅𝑅 − 1  Easy to construct by using 
generating functions of 
Archimedean copulas. 

 A more accurate 
dependence structure by 
grouping more strongly 
correlated variables. 

 Limited to Archimedean 
family. 

 Difficult interpretation. 
 Complicated form when 

different functions are 
used in a structure. 

Pair Copula  
Construction 
(PCC) 

𝑅𝑅(𝑅𝑅 − 1)
2

 
 A more accurate high 

dimensional dependency by 
pairwise dependence 
modeling. 

 A variety of copulas. 
 Any type of dependence 

model (either hierarchical 
or flexible structure). 

 Difficult interpretation. 
 Distribution function is 

not explicitly available. 

Bernstein copula 
(D-Vine) 

𝑅𝑅(𝑅𝑅 − 1)
2 ∙ (𝑚𝑚 + 1)2, 

where m is the 
degree of Bernstein 
polynomial 

 Advantageous when 
parametric copula functions 
are misspecified. 

 Flexible by controlling the 
polynomial degree. 

 Still unknown 
parameter of optimal 
polynomial degree m. 

 Not parsimonious (i.e. 
(𝑚𝑚 + 1)2 parameters for 
each bivariate case in 
D-Vine). 

In the empirical study, we construct two HAC structures with Gumbel and Clayton copula. 

Different copula functions could be used for different pairs in one structure (i.e. the mixture of 

different Archimedean copulas), but some copula functions are incompatible with each other; 

thus the hierarchical structure cannot be formed by using the generating functions of such 

copulas (Savu and Trede, 2010).17F

17 For this reason, we use one copula function for one HAC 

structure. In addition, we focus on the R-Vine model, which is less restrictive than the D- and 

C-Vine models and can represent them depending on the dependence structure of variables. To 

form the R-Vine density, the following steps are required (Dissmann et al., 2013):  

Step 1: The tree structure (the level of the structure) needs to be determined (the identification 

of linked trees). 18F

18 

                                                           
17  Savu and Trede (2010) prove the incompatibility of different generating functions in a hierarchical structure 

using Gumbel and Clayton copulas.  
18  See Section 3 in Czado (2010) and Section 2.2 in Dissmann et al. (2013) for more details on the development 

of tree structures and the formation of the array constraint set. 
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Step 2: Parametric bivariate copula for each node of each tree needs to be determined. 

Step 3: Corresponding dependence parameters to the estimated copula in step 2 need to be 

estimated. 

When a vine model is used, a two-step approach consisting of marginal estimation and copula 

estimation introduced by Joe and Xu (1996) is employed for the parameter estimation due to 

the high dimensional optimization of a vine model (Czado, Jeske and Hofmann, 2013). The 

approach that uses the maximum likelihood method is called the inference function for margins 

(IFM). 19F

19 The transformation to the uniform distribution (𝑅𝑅𝑖𝑖 ∈ [0,1], 𝑟𝑟 = 1, … ,𝑅𝑅) in the first tree 

of a vine model is required and applies to the following trees given the estimation in the previous 

tree (conditional transformation). The transformation is carried out non-parametrically using 

the ranks of the observations, which is called pseudo-observations (Aas and Berg, 2009). The 

pseudo-observations are employed for bivariate conditional copula functions in the sequential 

estimation in the abovementioned steps, and the optimization of pairwise likelihood function 

with pseudo-observations is implemented by maximizing the pseudo-likelihood (for more 

details, see Aas et al., 2009; Dissmann et al., 2013).20F

20 

The selection of a parametric bivariate copula for each node in the second step is conducted by 

Akaike Information Criteria (AIC)21F

21 and the Vuong and Clarke test (Vuong, 1989; Clarke, 

2007), where we follow Eling and Jung (2018). We consider a range of parametric copula 

functions to fit for each pair: independence, Gaussian, student-t, Clayton, Gumbel, Frank, Joe, 

                                                           
19  A simple case of IFM can be illustrated as follows. The d-dimensional probability function for the random 

vector 𝚾𝚾 based on Sklar’s theorem (1959) is described in the following: 
𝐹𝐹(𝐗𝐗;  𝜏𝜏1, … , 𝜏𝜏𝑑𝑑 ,𝛉𝛉) = 𝑅𝑅(𝐹𝐹1(𝐸𝐸1; 𝜏𝜏1), … ,𝐹𝐹𝑑𝑑(𝐸𝐸𝑑𝑑; 𝜏𝜏𝑑𝑑);𝛉𝛉), 

 where 𝜏𝜏𝑖𝑖 , 𝑟𝑟 = 1, … ,𝑅𝑅 is a parameter of a marginal function 𝐹𝐹𝑖𝑖 , 𝜽𝜽 is a set of dependence parameters by the 
copula function 𝑅𝑅. 

 The joint density function of the continuous random variables (vector X) can be derived as: 

𝑓𝑓(𝐗𝐗;  𝜏𝜏1, … , 𝜏𝜏𝑑𝑑 ,𝛉𝛉) = 𝑐𝑐(𝐹𝐹1(𝐸𝐸1; 𝜏𝜏1), … ,𝐹𝐹𝑑𝑑(𝐸𝐸𝑑𝑑; 𝜏𝜏𝑑𝑑);𝛉𝛉)� 𝑓𝑓𝑗𝑗�𝐸𝐸𝑗𝑗; 𝜏𝜏𝑗𝑗�
𝑑𝑑

𝑗𝑗=1
, 

 where 𝑐𝑐(∙) is a copula density function. 
 The log-likelihood function for the joint density function derived above has the following form: 

𝐿𝐿(𝛉𝛉, 𝜏𝜏1, … , 𝜏𝜏𝑑𝑑) = � log𝑓𝑓(𝐸𝐸𝑖𝑖; 𝜏𝜏1, … , 𝜏𝜏𝑑𝑑 ,𝛉𝛉)
𝑑𝑑

𝑖𝑖=1
. 

The parameter estimation by IFM consists of optimizations for univariate margins and the optimization of the 
d-dimensional log-likelihood with the dependence parameter. The derivation of the parameters for vine models 
using IFM has been studied in Haff (2013) and Czado, Jeske and Hofmann (2013). 

20  The maximum pseudo-likelihood estimation (MPL) is introduced by Genest, Ghoudi and Rivest (1995) and 
has been developed in Chen and Fan (2006) for time-series copula modeling and Aas et al. (2009) for pair 
copula construction. The estimation using MPL is basically a semi-parametric approach, consisting of non-
parametric marginal transformation and parametric estimation for dependence parameters (Genest et al., 1995). 

21  We use the information criterion defined by Akaike (1973) as follows: 
𝐴𝐴𝐼𝐼𝑅𝑅 ≔ −2𝐿𝐿𝑟𝑟𝐿𝐿𝐴𝐴𝑟𝑟𝑘𝑘𝑖𝑖(Θ|𝒖𝒖) + 2𝑘𝑘, 

 where 𝐿𝐿𝑟𝑟𝐿𝐿𝐴𝐴𝑟𝑟𝑘𝑘𝑖𝑖(∙) is the log-likelihood of i-th model, Θ = (θ1, … , θ𝑘𝑘) is a set of parameters, 𝒖𝒖 = (𝑅𝑅1, … ,𝑅𝑅𝑑𝑑) 
is a d-dimensional set of uniform margins and 𝑘𝑘 is the number of parameters. 



11 
 
 

survival Archimedean copulas and rotated Archimedean copulas (90° and 270°). Figure 1 

depicts HAC and three types of PCC in the four-dimensional setting, where the first tree of PCC 

distinguishes the vine models. 

 

Figure 1. A graphical example of HAC and PCC (four-dimensional case). The mathematical definitions 
of HAC and PCC (R-Vine) are provided in Appendix B. 

The copula models listed in table 3 are used to aggregate at the base level with the marginal 

modeling in both asset and underwriting portfolios. Once the base-level aggregation is 

complete, one would have two aggregate distributions at hand from the two sides of the balance 

sheet. The estimated dependence structure from each portfolio is inherent in each aggregate 

distribution. The aggregate distribution for each portfolio can be described as: 

𝑅𝑅𝑎𝑎 = �𝑤𝑤𝑖𝑖𝑋𝑋𝑖𝑖1|𝐶𝐶𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

𝑛𝑛𝑎𝑎

𝑖𝑖=1

 (𝑟𝑟𝑅𝑅𝑅𝑅𝐴𝐴𝑟𝑟𝑅𝑅) 𝑟𝑟𝑎𝑎𝑅𝑅 𝑅𝑅𝑙𝑙 = �𝑋𝑋𝑖𝑖2|𝐶𝐶underwriting

𝑛𝑛𝑙𝑙

𝑖𝑖=1

 (𝑅𝑅𝑎𝑎𝑅𝑅𝐴𝐴𝑟𝑟𝑤𝑤𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑎𝑎𝐿𝐿), (4) 

where 𝑟𝑟 = 1, … ,𝑎𝑎𝑎𝑎 𝑟𝑟𝑟𝑟 𝑎𝑎𝑙𝑙 is the dimension of each portfolio, 𝑅𝑅𝑎𝑎 is the return distribution of the 

asset portfolio, 𝑋𝑋𝑖𝑖1 is the i-th risk factor of the asset portfolio from the estimated dependence 

structure (𝑅𝑅𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 ), 𝑤𝑤𝑖𝑖  is the weight of the i-th asset22F

22 , 𝑅𝑅𝑙𝑙  is the loss distribution of the 

underwriting portfolio and 𝑋𝑋𝑖𝑖2  is the i-th risk factor of the underwriting portfolio from the 

estimated dependence structure (𝑅𝑅𝑖𝑖𝑛𝑛𝑎𝑎𝑖𝑖𝑖𝑖𝑎𝑎𝑛𝑛𝑖𝑖𝑎𝑎). 

With the aggregate distributions, 𝑅𝑅𝑎𝑎 and 𝑅𝑅𝑙𝑙, we model the dependence structure using pseudo 

observations of 𝑅𝑅𝑎𝑎 and 𝑅𝑅𝑙𝑙 at the top level and aggregate two distributions with Sklar’s theorem 

(1959). 

                                                           
22  In the application part, we employ the asset allocation based on the financial statement of the insurer for the 

aggregate asset distribution (see table 4). Then, we also consider two asset allocation strategies to see the effect 
of each strategy on the estimation of the economic capital (see table D2 in Appendix D). 
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𝑓𝑓(𝐸𝐸𝑎𝑎, 𝐸𝐸𝑙𝑙) = 𝑅𝑅(𝑅𝑅�𝑎𝑎,𝑅𝑅�𝑙𝑙), (5) 

where 𝐸𝐸𝑎𝑎  is the aggregate asset distribution, 𝐸𝐸𝑙𝑙  is the aggregate liability distribution, 𝑅𝑅�𝑎𝑎 =

𝐹𝐹𝑎𝑎(𝑅𝑅𝑎𝑎) is the vector of the pseudo observation for the asset portfolio and 𝑅𝑅�𝑙𝑙 = 𝐹𝐹𝑙𝑙(𝑅𝑅𝑙𝑙) is the 

vector of the pseudo observation for the underwriting portfolio.  

The probability functions of both aggregate distributions are conditional functions (copula 

distributions) given the sub-risks for both portfolios at the base level. A range of copula 

functions considered at the top level are enumerated in Section 4.3. Figure 2 illustrates the 

integrated structure we use to derive the total loss distribution from the asset and liability side 

and figure 3 shows how our methodology is implemented. 

 
Figure 2. Integrated structure of risk aggregation for a non-life insurer. 

 

Figure 3. Process of the methodology implemented. 

3 Data 

In the empirical study, we consider a realistic portfolio selection for both assets and liabilities. 

Asset returns are measured with widely used benchmark indices. These indices consist of 

stocks, bonds, real estate and money market, usually accounting for most investments by non-
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life insurers (Eling, Gatzert and Schmeiser, 2009). A well-known benchmark asset portfolio for 

a large Korean non-life insurer is shown in table 4, the portfolio that we consider to construct 

an internal model for market risk (Kim, 2015). The asset allocation in table 4 is based on the 

financial statement of the insurer in 2016, allowing for adopting a realistic investment strategy. 

Monthly log returns from January 2002 to December 2016 (180 observations for each asset) 

are taken from Datastream. We use the total return index for the equity and the real estate 

securities, which consider the dividend reinvestment performance (Eling et al., 2009). For the 

insurance portfolio, we derive historical aggregate loss distributions of a Korean insurer from 

five lines of business (fire, motor, marine, liability and accident).23F

23 The loss distributions are 

also on a monthly basis and for the same time period. Table 5 presents the descriptive statistics 

for both portfolios. Appendix G gives corresponding information for the German dataset. 

Table 4. Benchmark Indices (Kim, 2015) 

Asset class Index Description Asset allocation 
Equity KR_stock MSCI Korea Index  5.0% 
Fixed income KR2Y Korea 2-year Sovereign Bond Index 20.0% 

KR5Y Korea 5-year Sovereign Bond Index 20.0% 
KR10Y Korea 10-year Sovereign Bond Index 20.0% 
KRcor AA 3-year Corporate Bond Index 20.0% 

Money Market KRM3 Korea standardized money supply M3 5.0% 
Real estate24F

24 Wrd_real MSCI World Real Estate Index 10.0% 
Note: MSCI stands for Morgan Stanley Capital International. The asset allocation is based on the 2016 annual report 
of the insurer. 

The Jarque-Bera test results on assets (Panel A of table 5) show that no return distribution 

satisfies the normality assumption. Figure C2 in Appendix C shows that most assets are either 

left- or right-skewed and leptokurtic. An asset return series is typically time-varying, so 

autocorrelation and heteroscedasticity need to be considered (Bollerslev, 1986). We fit ARMA-

GARCH model with different innovations for the dataset to resolve this issue, as described in 

Section 4.1. The aggregate losses from the five insurance lines are right-skewed (figure C3), 

among which motor insurance generates substantially larger losses than other lines. 

                                                           
23  The insurance loss data is derived from insurance statistics information services (INsis) operated by the Korea 

Insurance Development Institute (KIDI). The data is from the largest non-life insurer in the Korean non-life 
insurance market (with almost a quarter of the market share) in terms of total asset size and incorporate only 
premium risk under regulatory frameworks. We construct our internal model with this dataset and check the 
robustness of our model with additional data from four companies in the Korean market, which are at quartiles 
with regard to total asset size and have the same lines of business in the underwriting portfolio (see Appendix 
F). In addition, we compare the economic capitals of four companies estimated by our internal model with the 
regulatory measures under the K-RBC to see the variation between the internal model and the standard model 
(see table 9). 

24  For the real estate index, local indices such as MSCI Korea or Asia-Pacific area are not available for the study 
period. The world index is also relevant to the possible investment of a Korean insurer, especially nowadays 
after the deregulation on real estate investment abroad in 2014 (FSC, 2014). 
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Table 5. Descriptive Statistics 

Panel A: Asset portfolio 
 mean sd skewness kurtosis Max median min JB-test 

KR_stock 0.0081 0.0771 -0.3898 1.1737 0.2341 0.0087 -0.3028 15.81*** 
KR2Y -0.0001 0.0118 0.0256 5.3170 0.0610 0.0019 -0.0444 219.55*** 
KR5Y 0.0001 0.0173 -0.5500 2.1224 0.0569 0.0030 -0.0615 44.87*** 
KR10Y -0.0002 0.0252 -0.4863 2.8502 0.1039 0.0038 -0.0835 70.98*** 
KRcor 0.0039 0.0047 2.8663 16.6943 0.0385 0.0035 -0.0049 2,396.48*** 
KRM3 0.0071 0.0336 -0.2851 3.7564 0.1490 0.0100 -0.1289 112.62*** 
Wrd_real 0.0071 0.0564 -1.3226 6.7998 0.2050 0.0129 -0.3244 411.43*** 

Panel B: Insurance portfolio (₩ billion) 

 mean sd skewness kurtosis Max median min 
Fire 0.892 0.799 3.444 20.175 7.102 0.714 0.043 
Motor 191.518 53.432 0.614 -0.443 356.089 174.658 97.938 
Marine 2.655 2.280 2.198 6.731 14.122 2.031 0.041 
Liability 2.870 1.928 1.193 1.724 11.594 2.221 0.253 
Accident 14.289 8.826 0.094 -1.071 33.313 14.456 1.171 
Note: The numbers in Panel A are derived from geometric return series. *,**,*** indicate that the p-value is less than the 
significance levels, 10%, 5% and 1% respectively. JB-test stands for Jarque-Bera test for normality assumption on the 
residual. ₩ stands for Korean Won. 

4 Risk aggregation 

4.1 Marginal modeling 

Autocorrelation and heteroscedasticity for the asset portfolio are investigated before the data is 

used in the dependence modeling. We find autocorrelation and that the assumption of the equal 

variance of residuals is violated for most assets, showing the presence of volatility clustering 

and fluctuation (see figure C1 in Appendix C). Based on the graphical identification of 

autocorrelation and heteroscedasticity, ARMA and GARCH models are specified (Bollerslev, 

1986; Box, Jenkins and Reinsel, 1994). 

Conditional mean model (ARMA[p,q]): 

𝑟𝑟𝑎𝑎 = 𝜇𝜇 + 𝜑𝜑1𝑟𝑟𝑎𝑎−1 + ⋯+ 𝜑𝜑𝑝𝑝𝑟𝑟𝑎𝑎−𝑝𝑝 + 𝜃𝜃1𝜀𝜀𝑎𝑎−1 + ⋯+ 𝜃𝜃𝑞𝑞𝜀𝜀𝑎𝑎−𝑞𝑞 + 𝜀𝜀𝑎𝑎, (6) 

𝐸𝐸[𝜀𝜀𝑎𝑎] = 0 𝑟𝑟𝑎𝑎𝑅𝑅 𝑉𝑉𝑟𝑟𝑟𝑟[𝜀𝜀𝑎𝑎] = 𝜎𝜎𝑎𝑎2, 

Conditional variance model (GARCH[1,1]): 

𝜎𝜎𝑎𝑎2 = 𝛼𝛼0 + 𝛼𝛼1𝜀𝜀𝑎𝑎−12 + 𝛽𝛽𝜎𝜎𝑎𝑎−12 , (7) 

where 𝑟𝑟𝑎𝑎 is a return at time t, 𝜇𝜇 is the drift term, 𝜑𝜑𝑝𝑝 is an auto-regressive coefficient, 𝜃𝜃𝑞𝑞 is a 

moving average coefficient and 𝛼𝛼1 and 𝛽𝛽 are GARCH coefficients. 

For the conditional mean model, we test autocorrelation and moving average with different 

lags. For the conditional variance model, we fit GARCH(1,1) for each asset, but there is a need 
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to apply heavy-tailed distributions due to the presence of extreme values observed in QQ-plots 

(see figure C2). 25F

25 Thus, the procedure to fit conditional variance is conducted in different 

parametric settings by specifying normal, skew normal, student-t and skew student-t 

distributions, all of which are widely used in the literature to analyze financial time-series data 

(see, e.g., Bollerslev, 1986; Bollerslev and Wooldridge, 1992; Jondeau and Rockinger, 2006; 

Eling, 2014). Many studies of conditional volatility modeling use the Gaussian distribution 

(Engle, 1982); we also consider skewed and leptokurtic distributions to find a better fit.  

Table C1 presents the result for ARMA-GARCH modeling. ARMA-GARCH model for each 

return distribution is determined by the minimum Akaike information criteria (AIC) among 

different candidates. Table C1 shows that all assets have long-tailed residual distributions fitted 

by student-t, skew normal and skew student, consistent with the JB tests results. By specifying 

the ARMA-GARCH process for the marginal distributions of assets, intertemporal dependence 

is removed. The resulting standardized residuals are transformed to pseudo-observations 

(uniform margins for copula modeling) on the interval [0,1] using the probability integral 

transformation (Aas and Berg, 2009; Czado, Min and Schepsmeier, 2012). Pairwise scatter 

plots and Kendall’s rank correlations of uniform margins are displayed on the upper and lower 

panels of figure C4 respectively. Strong correlations are identified between fixed income assets, 

generally above +0.2, whereas a cross-sectional correlation (between different asset classes) 

tends to be small. 

With regard to the insurance portfolio, loss data consist of the monthly aggregate loss from each 

line of business.26F

26 We fit different parametric distributions to the aggregate loss data to derive 

the copula margins under the individual risk model. Twelve continuous distributions frequently 

used in the actuarial and operational risk context (see, e.g., Frachot, Georges and Roncalli, 

2001; Moscadelli, 2004; Fu and Moncher, 2004; Shevchenko, 2011; Eling, 2012; Frees, Lee 

and Yang, 2016; Eling and Jung, 2018) are considered: skew-normal, student-t, skew-student-

t, lognormal, gamma, Weibull, inverse Gaussian, Cauchy, Burr, generalized Pareto distribution 

(GPD) and two peaks-over-threshold (POT) models with normal and lognormal in the body 

                                                           
25  We fit GARCH(1,1) for the conditional volatility, which is widely used to model the volatility clustering of 

the financial time series data in the pair copula modeling context (see, e.g., Aas and Berg, 2009; Aas et al., 
2009; Brechmann and Schepsmeier, 2013; Dissmann et al., 2013). 

26  The insurance modeling (individual risk model and collective risk model) is designed to estimate the total 
(aggregate) loss for a certain time period in the risk pool, where the losses are typically modeled by statistical 
tools for right-skewed frequency and severity (Cummins, 1991; Embrechts, 2002; Frees, 2015). In contrast, 
the financial return series are stationary (or linear) processes with the statistical features of mean-reversion and 
volatility clustering, which are modeled with different tools compared with the insurance claims modeling 
(Embrechts, Kluppelberg and Mikosch, 2013, Chapter 7). 
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respectively and GPD in the tail. We determine the most appropriate distribution for each loss 

process based on AIC and goodness-of-fit test (table C2). The skew student-t and gamma 

distributions best fit the historical losses in four cases and the lognormal is the best fit for the 

loss process of motor insurance. This finding is confirmed by QQ-plots in figure C3, showing 

that the quantiles from fitted distributions are plotted along with the theoretical distributions. 

With the fitted distributions for insurance losses, we generate the copula margins and estimate 

the Kendall’s rank correlations shown in figure C4. 

4.2 Dependence modeling and base-level aggregation 

In order to estimate the dependence models for both portfolios, we first transform the variables 

to the estimated marginal distributions on [0,1]. Transformed uniform margins are applied to 

the copula functions listed in table 3. We then compare the models to identify which model is 

a better fit for the dependence structures of both portfolios. For PCC modeling, we consider R-

Vine model, which constructs a dependence structure. Table 6 provides three statistical 

measures to compare different models: log-likelihood, AIC and goodness-of-fit test result.  

The R-Vine structure most accurately estimates the dependence structures of both portfolios, 

followed by the student-t model for the asset and by HAC-Gumbel for the underwriting 

portfolio. This finding is supported by literature in which vine models turn out to be superior to 

conventional copula models (see, e.g., Aas and Berg, 2009; Aas et al., 2009; Brechmann and 

Czado, 2013; Low et al., 2013; Brechmann et al., 2014; Schepsmeier, 2015; Eling and Jung, 

2018).27F

27 In contrast, simple Archimedean copulas (Gumbel and Clayton) do not provide a good 

fit to both cases, which might result from the fact that estimating a high-dimensional 

dependence structure by Archimedean copulas is limited by one single parameter. This finding 

can be confirmed by the result of HAC as an extended model of simple Archimedean copulas 

for a high-dimensional setting in that HAC shows a better fit.  

The Bernstein model provides a comparable log-likelihood measure to that of R-Vine; however, 

as described in table 3 and proven by AIC, the model is not parsimonious due to the polynomial 

degree. Elliptical models are also a good fit for the structure in both cases, especially the 

student-t model, which implies significant tail dependency in both portfolios. The tail 

dependency is numerically specified in the pairwise setting in table C3 (Appendix C), where 

                                                           
27  Aas and Berg (2009) demonstrate the superiority of vine models to HAC, whereas Aas et al. (2009), Brechmann 

and Czado (2013), Brechmann et al. (2014) and Schepsmeier (2015) show a better fit of vine model than that 
of elliptical models. Low et al. (2013) and Eling and Jung (2018) find that vine models produce more 
outperforming statistical outcomes than do Archimedean copulas. 
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estimated dependence parameters in the first tree are present. In the first tree, the parameters 

are derived from unconditional copula densities, which normally show a stronger dependency 

than those from conditional copula densities in the following trees.28F

28 

Table 6. Dependence Modeling Results (Base level) 

  Asset Portfolio Insurance Portfolio 
Family Copula Log-lik AIC GoF29F

29 Log-lik AIC GoF 

Elliptical 
Gaussian 189.73 -337.47 0.037** 270.62 -521.25 0.158*** 

Student-t 209.31 -374.63 0.020 278.38 -534.77 0.063*** 

Archimedean 
Gumbel 52.60 -103.20 0.046*** 91.52 -181.04 0.275*** 

Clayton 58.70 -115.39 0.034 46.23 -90.47 4.169*** 

HAC 
Gumbel 152.04 -292.08 0.735 279.86 -551.71 0.584 

Clayton 162.14 -312.28 0.082* 159.15 -310.30 0.039** 

PCC R-Vine 228.41 -416.81 118.71 294.51 -577.01 6.514 

Bernstein (D-Vine)30F

30 222.80 -87.29 - 278.27 -197.97 - 
Note: Elliptical and Archimedean copulas are estimated via R package copula, HAC models are estimated via copula 
and HAC, R-Vine model is implemented via VineCopula and Bernstein D-Vine model is estimated via penDvine. The 
numbers in the goodness-of-fit results indicate the test statistics except for those of HAC models showing p-values (see 
footnote 29). *,**,*** indicate that the p-value is less than the significance levels, 10%, 5% and 1% respectively. The bold 
indicates the best fit method for each portfolio. 

Figure C5 displays the dependence picture of both portfolios in the first tree of R-Vine as the 

best fit. The graphical description of the estimated aggregate distributions at the base level with 

100,000 samples is found in figure 4 (based on R-Vine model as the best fit). The aggregate 

                                                           
28  The mathematical proof of this statement is described in Dissmann et al. (2013). Savu and Trede (2010) and 

Okhrin, Okhrin and Schmid (2013) also explain this property in HAC structure. 
29  The goodness-of-fit test for copula methods is based on the information matrix equality of White (1982), 

developed by Huang and Prokhorov (2014) and applied to vine models by Schepsmeier (2016). The test 
specification in a general case can be described as (Huang and Prokhorov, 2014; Schepsmeier, 2016):  

𝐻𝐻0: ℍ(𝜃𝜃) + ℂ(𝜃𝜃) = 0, 
where ℍ(𝜃𝜃) = 𝐸𝐸�𝜕𝜕𝜃𝜃2 ln�𝑐𝑐𝜃𝜃(𝑅𝑅1, … ,𝑅𝑅𝑑𝑑)�� is the expected Hessian matrix of the score function (second-order 
derivative) and ℂ(𝜃𝜃) = 𝐸𝐸 �𝜕𝜕𝜃𝜃 ln�𝑐𝑐𝜃𝜃(𝑅𝑅1, … ,𝑅𝑅𝑑𝑑)� �𝜕𝜕𝜃𝜃 ln�𝑐𝑐𝜃𝜃(𝑅𝑅1, … ,𝑅𝑅𝑑𝑑)��𝑇𝑇� is the expected outer product of the 
corresponding score function. 
When it comes to HAC model, the statistical closed-form of the goodness-of-fit test has not been developed 
(Savu and Trede, 2010; Okhrin and Ristig, 2014). Instead, we use the goodness-of-fit for copulas in higher 
dimensions introduced by Hofert and Mächler (2014), the test whose results are p-values (whereas other models 
show the test statistics) shown as the GoF result for HAC in table 6. This test provides a global p-value based 
on pairwise Rosenblatt transform and enables to identify pairs that do not follow the null hypothesis as follows: 

𝐻𝐻0:𝑅𝑅𝛉𝛉 𝑟𝑟𝑅𝑅 𝐻𝐻𝐴𝐴𝑅𝑅 𝐺𝐺𝑅𝑅𝑚𝑚𝐴𝐴𝐴𝐴𝐴𝐴 (𝑅𝑅𝐴𝐴𝑟𝑟𝐶𝐶𝑟𝑟𝑟𝑟𝑎𝑎) 𝑅𝑅𝑟𝑟𝑟𝑟𝑅𝑅𝑐𝑐𝑟𝑟𝑅𝑅𝑟𝑟𝐴𝐴 𝑤𝑤𝑟𝑟𝑟𝑟ℎ 𝐴𝐴𝑅𝑅𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟𝑟𝑟𝐴𝐴𝑅𝑅 𝑐𝑐𝑟𝑟𝑟𝑟𝑟𝑟𝑚𝑚𝐴𝐴𝑟𝑟𝐴𝐴𝑟𝑟𝑅𝑅 
For more details on the test specification and the global p-value, see Hofert and Mächler (2014). 

30  The log-likelihood of Bernstein D-Vine is a penalized version of the log-likelihood, which can be estimated 
based on equation (16) in Kauermann and Schellhase (2014). AIC is also based on the penalized log-likelihood 
and corrected by using degree of freedom of the penalty parameter explained in equation (20) of Kauermann 
and Schellhase (2014). The goodness-of-fit test for Bernstein copula model (non-parametric case) has not been 
developed, since the p-value generation by the bootstrap method can generate inconsistent results for non-
parametric case (Genest and Remillard, 2008). The determination of the optimal degree of the polynomial is 
still an open question as written in table 3 (Pfeifer et al., 2009; Diers et al., 2012), thus we implement four 
cases (K=5,10,15,20) and present the model (K=10) with the lowest AIC in table 6. 
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asset distribution is leptokurtic, which is in line with the stylized fact of financial returns, and 

a long-tail risk is identified from the insurance aggregate distribution. 

                                         Asset portfolio    Underwriting portfolio 

 
Figure 4. Base-level aggregate distributions. 

4.3 Top-level aggregation 

This section investigates the top-level dependency between the market risk module and the non-

life risk module. Both the K-RBC and SII assume 0.25 correlation between the asset portfolio 

(market risk) and the insurance portfolio (non-life risk) (see table 1, 2). However, this 

correlation does not adequately reflect the dependence structure in the empirical setting, hence 

the standard model might lead to a significant gap between the required capital and the actual 

size of risk. 

Firstly, we conduct the independence test to check the validity of the independence assumption. 

The test result for the independence copula model is derived based on a bivariate asymptotic 

independence test of empirical Kendall’s tau (for more details on the test specification, see 

Genest and Remillard, 2004). Secondly, we conduct goodness-of-fit tests for other bivariate 

copulas under the top-level correlation assumption by regulations (= 0.25).31F

31 Four types of 

bivariate copula functions considered at the top level are mathematically described as follows 

(Nelson, 2006; Eling and Toplek, 2009). 

                                                           
31  Here we do not consider Bernstein copula as done at the base level because 1) no statistical testing tool has 

been developed for this type as discussed in footnote 30; and 2) it is an empirical-type copula that does not 
allow the calibration of a dependence parameter. 
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Independence copula (independence assumption): 

𝑅𝑅𝐼𝐼𝑛𝑛𝑑𝑑(𝐮𝐮) = ∏�𝑅𝑅Asset(𝑅𝑅1𝑎𝑎, … ,𝑅𝑅𝑘𝑘𝑎𝑎),𝑅𝑅Underwriting�𝑅𝑅1𝑙𝑙 , … , 𝑅𝑅𝑑𝑑𝑙𝑙 ��, (8) 

Gaussian copula (linear correlation assumption): 

𝑅𝑅𝐺𝐺𝑎𝑎𝑖𝑖𝑎𝑎𝑎𝑎(𝐮𝐮) = 𝚽𝚽θ �𝑅𝑅Asset(𝑅𝑅1𝑎𝑎, … ,𝑅𝑅𝑘𝑘𝑎𝑎),𝑅𝑅Underwriting�𝑅𝑅1𝑙𝑙 , … ,𝑅𝑅𝑑𝑑𝑙𝑙 ��, (9) 

Student-t copula (symmetric tail correlation assumption): 

𝑅𝑅𝑎𝑎(𝐮𝐮) = 𝐭𝐭v,θ �𝑅𝑅Asset(𝑅𝑅1𝑎𝑎, … ,𝑅𝑅𝑘𝑘𝑎𝑎),𝑅𝑅Underwriting�𝑅𝑅1𝑙𝑙 , … ,𝑅𝑅𝑑𝑑𝑙𝑙 ��, (10) 

Archimedean copula (asymmetric dependence assumption): 

𝑅𝑅𝐴𝐴𝑖𝑖𝑖𝑖ℎ𝑖𝑖(𝐮𝐮) = 𝝍𝝍−𝟏𝟏 �𝑅𝑅Asset(𝑅𝑅1𝑎𝑎, … ,𝑅𝑅𝑘𝑘𝑎𝑎),𝑅𝑅Underwriting�𝑅𝑅1𝑙𝑙 , … ,𝑅𝑅𝑑𝑑𝑙𝑙 ��, (11) 

where 𝚽𝚽𝜃𝜃 indicates a multivariate normal density with the correlation parameter of 𝜃𝜃 and 𝐭𝐭𝑣𝑣,𝜃𝜃 

stands for a multivariate student-t density with degree of freedom, v, and the correlation 

parameter of 𝜃𝜃. 

Table 7 shows the test result for the presence of the independence and the GoF tests for other 

copulas, where the independence assumption holds for two marginal distributions. For other 

copulas with the correlation of 0.25, the tests reject the null hypothesis mostly at the 1% critical 

level. Therefore, the regulatory assumption of 0.25 is not adequate for modeling the top-level 

dependency of the empirical data. We also test goodness-of-fit for the top-level aggregation 

with the linear structure (Gaussian) at the base level, which we assume is closer to the regulatory 

framework. We find that the test leads to the same result as that with the best fit model at the 

base level, implying that the independence structure is a global fit for the top-level aggregation 

in this empirical case. 

The independence assumption at the top level is reasonable in that the degree of dependency at 

a lower level of a hierarchical structure can be mathematically proven to be stronger than that 

at a higher level because the dependency at a higher level is conditional (see footnote 28). 

Therefore, it can be inferred that the correlation at the top-level aggregation as assumed in the 

K-RBC and SII might not be mathematically justified under a hierarchical dependence 

structure. It also proves that the standard models aim at achieving conservative results, which 

do not adequately reflect the top-level dependency driven by the empirical case in our study. 

This finding is in line with the literature that for non-life insurance (property and casualty) a 

dependent feature between assets and liabilities rarely exists (Gründl, Dong and Gal, 2016). 
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Therefore, we propose the integrated structure, whose base-level dependency for both portfolios 

is estimated by R-Vine and top-level dependency by the independence copula. 

Table 7. Goodness-of-Fit Results for the Top-Level Aggregation 

 R-Vine (Base level) Linear (Base level) 
Statistics P-value Statistics P-value 

Independence test 1.0813 0.280 0.3464 0.729 

Elliptical family 
Gaussian 0.5438*** 0.005 0.3327** 0.035 
Student-t 0.5826*** 0.004 0.3767** 0.029 

Archimedean family 
Gumbel 0.5168** 0.011 0.3267** 0.049 
Clayton 0.6248*** 0.002 0.3802** 0.018 

Note: The independence test is implemented via R package copula and the tests for other copulas are conducted via 
gofCopula. *,**,*** indicate that the p-value is less than the significance levels, 10%, 5% and 1% respectively. 

5 Applications 

5.1 Application to Korean and German data 

The purpose of estimating the economic capital is to identify the amount of capital necessary 

to prevent an insurer from becoming insolvent within a predefined time horizon and confidence 

level.  The definition of one-period solvency in our model with the historical data is the excess 

of the assets over the liabilities expressed as: 

𝐴𝐴1 − 𝐿𝐿1 = 𝐴𝐴0 ∙ (1 + 𝑟𝑟) − 𝐿𝐿1 > 𝑅𝑅𝑅𝑅𝛼𝛼, (12) 

where 𝐴𝐴1 is the market value of the asset portfolio consisting of equity, bonds, money market 

and real estate instruments at time 1. 𝐿𝐿1 is the market value of the policyholders debt at time 1 

represented by the aggregate loss from different lines of business in our model. 𝐴𝐴0 is the market 

value of the asset portfolio at time 0 (present), which is the invested asset from the balance 

sheet in our model. We set 𝐴𝐴0 at ₩ 18.6 trillion obtained from the same insurer for which we 

also take underwriting data.32F

32 𝑟𝑟 is a stochastic aggregate return on the asset portfolio estimated 

by our model. 𝑅𝑅𝑅𝑅𝛼𝛼 is the required capital at 𝛼𝛼 confidence level, for example 99% in the K-RBC 

or 99.5% in SII. The time horizon defined by regulations is one year. Since the regulatory 

standards have an annual time horizon, we annualize the monthly asset return distribution and 

the monthly loss distribution.33F

33 

                                                           
32  The statistical information on the assets of Korean insurers can be also obtained from INsis (see footnote 23). 

We derive the amount of the investment by downsizing the annual amount of the invested asset for the insurer 
into the annual amount with five business lines based on net earned premium (five lines account for 31.9%). 

33  We aggregate 12 consecutive monthly returns and losses to the annual size as follows: 
Asset: 𝑟𝑟𝑎𝑎 = ∏ (1 + 𝑟𝑟𝑖𝑖𝑚𝑚)12

𝑖𝑖=1 − 1,  

Underwriting: 𝑋𝑋𝑎𝑎 = � 𝑋𝑋𝑖𝑖𝑚𝑚
12

𝑖𝑖=1
. 
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Based on the results from Section 4, we choose the independence copula to describe the top-

level dependency and the R-Vine structure for the base-level structures. In Appendix D, we 

consider other dependence structures at the base and top levels to identify the impact of different 

dependencies on the economic capital. We estimate VaR at 99% and 99.5% and Tail Value at 

Risk (TVaR) at 99%, which are the current regulatory requirements for the K-RBC, SII and 

SST respectively. In table 8, we compare our capital estimates to the required amounts of capital 

from the three regulatory standard models. Next to the Korean data, we present the results for 

our second, German dataset. Appendix E contains all conceptual details on the comparison 

between the standard and internal models; all implementation and estimation details for the 

German data are presented in Appendix G.  

Table 8. Comparison of the Internal Model and Standard Model 

Panel A: Korean Data VaR 99% (K-RBC) VaR 99.5% (SII) TVaR 99% (SST) 
Internal Model (₩ billion) 559.7 744.5 842.5 
Standard Model (₩ billion) 846.3 1,177.5 1,471.5 
Absolute difference (₩ billion) 286.6 433.0 629.0 
Relative difference  51.2% 58.2% 74.7% 
* from risk parameters 15.3 pp 24.6 pp 63.0 pp 
* from correlation 35.9 pp 33.6 pp 11.7 pp 
Panel B: German Data VaR 99% (K-RBC) VaR 99.5% (SII) TVaR 99% (SST) 
Internal Model (€ million) 31.3 51.2 55.3 
Standard Model (€ million) 45.5 80.7 94.4 
Absolute difference (€ million) 14.2 29.5 39.1 
Relative difference  45.4% 57.6% 70.7% 
* from risk parameters 9.3 pp 14.8 pp 62.9 pp 
* from correlation 36.1 pp 42.8 pp 7.8 pp 
Note: The internal model is the best fitted model (R-Vine-independence) in our estimation procedure. “pp” stands for 
percentage points. 

The three standard models significantly overestimate the capital requirement, showing the 

variation size of 61.2% on average for the Korean case and 57.8% for the German case 

compared to the total risk estimated by the internal model.34F

34 The K-RBC provides the least 

conservative measure with VaR 99% showing the smallest gap between the internal model and 

the standard model, whereas SST turns out to be the most conservative model with TVaR 99% 

showing the largest deviation among three standard models. This might be due to the fact that 

                                                           
The superscripts, 𝑟𝑟 and 𝑚𝑚, indicate the annual value and the monthly value respectively. 

34  Previous studies criticize the SII standard formula comparing with internal modelling approaches, but have 
different aspects on the criticism. For instance, Gatzert and Martin (2012) argue that the predefined scenarios 
by SII, which over- or underestimate the actual risk, do not sufficiently reflect the insurance company’s risk 
situation by comparing the standard model with their partial internal model. Mittnik (2011) identifies that the 
misestimated correlation measures between assets do not appropriately reflect the diversification effects. 
Pfeifer and Strassburger (2008) discuss that the overall SCR can be misspecified in case of symmetric 
aggregate distribution (linear) and correlated underlying risk factors. 
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the K-RBC does not consider the correlation across market risks, resulting in no diversification 

effect in this module. Furthermore, the categorization in the underwriting risk module does not 

appropriately reflect the diversified lines of business, thereby providing a less conservative 

measure than the other two models. 

The observed deviations are relatively large in comparison with the literature. For example, 

Tang and Valdez (2009) document a 5.4% deviation (overestimation) considering the 

underwriting risk module only. Christiansen et al. (2012) do not quantify the deviation between 

the internal model and the standard formula, but they identify a significant overestimation of 

economic capital resulting from the correlation assumption of the life underwriting module in 

SII. Our results also surpass most practitioners’ expectations of internal models.35F

35 

The commonly identified overestimation of the economic capital from the standard models 

comes from two factors. The first factor is that the distributional features of individual risk 

factors are not adequately taken into account. Thus, the calibrated parameters (risk coefficients 

in the K-RBC and SII) and the distributional assumption (SST) can amplify the capital 

requirement. To measure the size of overestimation due to the fixed and predefined risk profile, 

we apply our aggregation model with assumed risk profiles predefined by the standard models, 

which produces economic capital of 645.1, 927.3 and 1,373.5 (in ₩ billion) for the Korean case 

and 34.2, 58.8 and 90.1 (in € million) for the German. The predefined risk profile imposed by 

the standard models thus contributes on average 34.3 and 29.0 percentage points for the Korean 

and German cases respectively to the empirical deviations, which are 56% and 50% of the total 

overestimation sizes. The second factor is the correlation assumption between risk factors, 

which does not reflect the dependence structure inherent in firm-specific data. Ceteris paribus, 

the linear correlation assumptions imposed in the standard models contribute to 26.9 percentage 

points on average for the Korean case and 28.8 percentage points on average for the German.  

As robustness tests, we implement different asset allocation strategies to analyze the extent to 

which differences between the standard model and the internal model are driven by the risk on 

the asset side (see tables D2 and G5 in Appendix D and G). We find that the riskier the asset 

portfolio is, the more capital is required, resulting in a bigger gap between the internal model 

and the standard models. In Appendix D, we analyze the diversification benefits of the internal 

models compared to benchmark models; our best fit model provides a higher diversification 

                                                           
35  According to a survey with 160 insurance companies in 19 European countries, 37% of the respondents expect 

the internal model to decrease the capital requirement by 10-20%, 26% of them expect 20-30% and 14% of 
them expect more than 30%. See EY (2013).  
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benefit compared to other possible internal models, possibly offering a better optimization of 

the capital structure (see figure D1). 

5.2 Sensitivity analyses with respect to company size 

One critical concern in internal models is how far the use of internal models might distort 

competition, if small companies lack the resources and expertise to implement such models (see 

Eling, Schmeiser and Schmit, 2007). Our empirical setup allows us to analyze this important 

policy question, because we have data for the complete Korean market and can analyze 

companies of different sizes. We therefore estimate the economic capital for four additional 

non-life insurers (in different size quartiles of total assets) for the Korean market in table 9.36F

36 

All selected companies operate the five lines of business considered in our study so that the 

outcomes are not driven by the complexity of the businesses; considering less complex 

companies will reduce the benefit of implementing an internal risk model. We first examine 

whether our internal model (R-Vine at the base level and independence at the top level) also 

fits well for these companies as robustness check and find that it holds for all these cases (see 

Appendix F). We then use the internal model to calculate the capital size for each company and 

compare it with the required capital under the corresponding standard model (the K-RBC).  

The result shows an overestimation of 39.0% on average, which declines with company size. 

Large insurers as well as medium-size companies (such as the 1st and 2nd qrt company in table 9) 

can obtain a significant financial advantage by using the internal model, by saving ₩ 287 

billion, ₩ 133 billion and ₩ 45 billion in capital. In contrast, implementing the internal risk 

model might not be worthwhile for smaller companies (such as the 3rd qrt or smallest company 

in table 9), since the capital savings might not justify the development of an internal model. We 

can illustrate the potential cost saving by multiplying the capital reduction for the largest and 

smallest companies (₩ 287 billion and ₩ 3.3 billion) with a standard cost of capital rate of 6% 

as used, for instance, in Solvency II (EC, 2014, p. 39), leading to a cost reduction of ₩ 17.2 

billion and ₩ 0.198 billion, respectively. For the largest company, investment in the 

construction of an internal model could be worthwhile, but not necessarily for the smallest 

company.37F

37 Note that the advantage of implementing an internal model decreases both on an 

absolute and on a relative basis, in relation to the K-RBC and in relation to asset size. 

                                                           
36  We also obtain the insurance loss data for additional four companies from the same database as the one we 

obtain the main dataset (footnote 23). In this implementation, we apply the same benchmark portfolio used in 
the main model to four companies. 

37  For example, if developing an internal model needs five employees, it might already cost ₩ 0.162 billion over 
a year without consideration of further costs, based on statistics for 2016 average salary (= $ 32,400; Statista, 
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Table 9. Variation of Company Size 

 (Largest) (1st qrt) (2nd qrt) (3rd qrt) (Smallest) 
Internal Model (in ₩ billion) 559.7 292.7 103.0 25.4 10.9 
*RBC ratio 620% 418% 258% 220% 812% 
K-RBC (in ₩ billion) 846.3 425.2 148.2 34.7 14.2 
*RBC ratio 410% 288% 179% 161% 623% 
Absolute difference (in ₩ billion) 286.6 132.5 45.2 9.3 3.3 
Relative difference 51.2% 45.3% 43.9% 36.6% 30.3% 
*Risk parameter 15.3 pp 16.7 pp 19.6 pp 15.7 pp 12.8 pp 
*Correlation 35.9 pp 28.6 pp 24.3 pp 20.9 pp 17.5 pp 
Invested assets (in ₩ billion) 18,577.8 9,025.2 3,420.3 691.2 178.6 
Asset size (in ₩ billion) 21,659.4 10,562.9 3,987.0 821.3 285.4 
Equity capital (in ₩ billion) 3,471.0 1,224.0 265.7 55.9 88.5 
Abs. difference / asset size 1.32% 1.25% 1.13% 1.13% 1.16% 
Note: Four companies are chosen out of the Korean non-life insurers, who operate the five lines of business considered in 
our study, by the quartiles of the total asset size. Company 1 is at the first quartile (25%) from the largest company, company 
2 is at the second quartile (median), company 3 is at the third quartile and company 4 is the smallest. Invested assets (A0 in 
equation (12)), total asset size and equity capital are downsized by the share of five insurance lines compared to the total 
nonlife business for each company based on net earned premium. 

6 Conclusion 

The aim of this paper is to construct an internal risk model using a recently developed 

dependence model and apply it to empirical datasets in order to compare the internal model 

with three regulatory standards models (the K-RBC, SII and SST). We introduce a two-step 

aggregation methodology with the pair copula construction model (vine copula model) to 

estimate the economic capital for several Korean non-life insurers and a mid-sized German non-

life insurer. For all datasets, the R-Vine structure at the base level and the independence 

structure at the top level turn out to be the best fit based on the statistical testing procedure. The 

comparison between the proposed internal model and the standard models shows that the 

standard models overestimate the economic capital by on average 61.2% for the Korean case 

and 57.8% for the German, implying that insurers can significantly reduce their risk capital 

using the proposed internal risk model. Our internal model is also proven to be a good fit for 

additional companies of different sizes in the Korean market, which again supports our finding 

on the overestimation of the risk capital by the standard model (39.0% on average). 

We focus on two regulatory factors resulting in the overestimation: the calibrated parameters 

for marginal risks and the linear correlation assumption. The regulated risk parameters in the 

standard models address on average 56% (34.3 percentage points) and 50% (29.0 percentage 

                                                           
2018) with an exchange rate of ₩ 1,000/$. In this case, it can be concluded that it is not worth for a small-
sized company developing an internal model. Additional costs or resources to the development of an internal 
model might come from e.g., maintenance and validation of the internal model, the collection of the necessary, 
up-to-date data as inputs or the internal assessment prior to the approval process (Milliman, 2008). 
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points) out of the total deviation for the Korean and the German cases respectively, whereas, 

ceteris paribus, the rest of the deviation is led by the correlation parameters in the linear setting 

for each case. We identify that the K-RBC system is less conservative than SII and SST, based 

on the fact that the K-RBC system requires the estimation at a lower quantile, does not consider 

the correlated risk between the sub-modules in the market risk leading to no diversification 

effect and does not appropriately elaborate the categorization of the non-life underwriting risk 

module. The proposed internal model provides a higher diversification benefit than other 

models do, possibly leading to a better optimization of the capital structure. 

The literature has already found over- or under-estimation of the standard formula, especially 

for SII (see, e.g., Pfeifer and Strassburger, 2008; Mittnik, 2011; Christiansen et al., 2012; 

Gatzert and Martin, 2012); however, it focuses only on one part of the corporate risk structure 

(e.g., only on the market risk module, the life insurance module or the non-life insurance 

module). Therefore, our result contributes to the literature by offering an undertaking-specific 

risk model for a comprehensive risk structure with recently developed aggregation models and 

an insight into how significant a potential misestimation might be. The misestimation of the 

economic capital under the standard models can present insurers with several challenges. The 

standard formula requires insurers to hold more capital than necessary with an internal risk 

model, thus lowering the potential return on equity. The overestimation of the economic capital 

can force insurers to restructure their business (asset allocation and liability management) to 

increase the amount of capital. 

Based on the estimated models, we propose that regulators adjust their dependence assumptions 

to reduce the deviation between the estimates under the standard models and the estimates under 

our data-driven internal models. Despite its efficiency, our internal risk model might be too 

costly for small- and mid-sized companies. It might thus be useful to support these companies 

in developing the know-how to construct this type of mathematical model in order to reduce 

the costs. This could help to reduce potential market distortions in the competition of solvency 

models, caused by significant differences in efficiency. A key question that remains for future 

research is to find the optimal balance between statistical sophistication and the ease of 

implementation. Our results, however, illustrate that the approach taken by regulators is too 

simplistic and might raise concerns on potential market distortions. 

In this study, we consider empirical datasets for a non-life insurer. The literature to date has 

also been mostly limited to the risk aggregation for non-life insurance, perhaps because of the 

tractability of dependence modeling for non-life loss data using the risk model. However, 
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investigating life and health insurance data with our internal risk model might be also a possible 

means of contributing to the literature. It might also be an interesting avenue for future research 

to integrate some emerging risks that are well known for non-linear dependence structures (e.g., 

cyber risk) into the model. Another avenue for future research could be to apply U.S. data to 

the internal model and then compare it with the U.S. RBC system. Moreover, some other risk 

modules in the standard models, such as operational risk and credit risk (counterparty default 

risk), might be included in the modeling, thereby constructing a more comprehensive and 

complete framework for risk aggregation. 
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Appendix for the supplementary material 
The following appendices incorporate information on the analysis of the literature, the mathematical definitions of dependence models, marginal 
modeling and dependence modeling results, additional application results including asset allocation and diversification effect, note on the comparison 
between the standard models and the internal model, robustness check with four additional companies and fitting results for the German data. 

Appendix A. Overview of literature and comparison with the present paper 
Table A1. Summary of Literature on Correlated Risks in Regulatory Frameworks 

 PS08 ET09 TV09 SC11 DEM12 Present paper 

M
od

el
in

g 
pe

rs
pe

ct
iv

e 

Focus of 
Study 

Aggregating non-normal risks Integrating assets and liabilities Aggregating underwriting risks Aggregating underwriting risks Aggregating underwriting risks Aggregating asset and 
underwriting risks 

Comparison 
to Regulation 

SII - Australian standard model 
(Prescribed method) 

RBC ratios under SII - K-RBC, SII, SST 

Data type Simulation with selected 
parameters 

Simulation with selected 
parameters for asset and 
underwriting(bivariate for 
each) 

Semi-annual loss ratios on 
Australian general insurance 
industry 

Simulation with calibrated 
parameters 

Monthly German underwriting 
data (non-life: multi-
dimension) 

Monthly Korean and 
German asset and 
underwriting data (multi-
dimension for each) 

Level of 
Aggregation 

Base level (underwriting)  Base level (asset and 
underwriting)  
 Top level 

Base level (underwriting) Base level (underwriting) Base level (underwriting)  Base level (asset and 
underwriting)  
 Top level 

Use of 
Copula 

Frechet-Hoeffding copulas HAC and elliptical copulas Elliptical copulas and Cauchy 
copula 

HAC and elliptical copulas Elliptical copulas and 
Bernstein copula 

PCC, HAC, elliptical and 
Bernstein (D-Vine) 

O
ut

co
m

e 

Main points Identify the drawback of the 
square root formula (SII 
standard formula) in case of 
skewed underwriting risks 
(using beta distribution). 

 Apply HAC to the dynamic 
financial analysis for non-life 
insurance with stylized 
parameters for asset and 
liability portfolio. 
 Investigate how the risk and 

return measures are affected 
by different dependence 
structures. 

 Investigate how the 
economic capital for the 
underwriting portfolio is 
affected by different 
dependence structures. 
 Compare the estimated 

economic capitals with the 
Australian requirement and 
see how much they are 
deviated. 

 The collective risk model for 
the underwriting risk is 
applied to SCR estimation 
using calibrated parameters. 
 HAC model is used to the 

underwriting risk 
aggregation. 

Bernstein copula fits well for 
the dependence modeling of 
underwriting risks, which is 
proven by goodness-of-fit 
analysis. 

 Different types of 
dependence models including 
PCC and HAC are used to 
aggregate the two main risk 
modules (asset and 
underwriting). 
 Economic capitals from 

different copulas are 
compared with three 
regulatory standards. 

Limitation There is no empirical study to 
check the robustness of the 
model and it is limited to 
underwriting risks. 

There is no empirical study to 
check the robustness of the 
model and only a bivariate case 
is considered. 

The data size is limited (only 
19 observations for each risk 
factor) and it is limited to 
underwriting risks. 

Calibrated parameters are not 
from SII standard and there is 
no empirical study to check the 
robustness of the model. 

The fitting result might not be 
a global solution to all possible 
problems and the data size is 
relatively small. 

Limited to the non-life 
insurance (no life insurance 
modeling). 

Note: PS08: Pfeifer and Strassburger (2008); ET09: Eling and Toplek (2009); TV09: Tang and Valdez (2009); SC11: Savelli and Clemente (2011); DEM12: Diers, Eling and Marek (2012); DFA: dynamic financial analysis; 
SII: Solvency II; K-RBC: Korean RBC, PCC: Pair copula construction method (vine copula); HAC: Hierarchical Archimedean copula method. The bold indicates the contributing points of the present paper to the literature. 
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Appendix B. High-dimensional dependence models 

We describe the mathematical definitions of vine models (PCC), particularly R-Vine, and 

hierarchical Archimedean copula (HAC), whose graphical differences are presented in figure 

1. Vine models can be categorized as D-Vine, C-Vine and R-Vine. The R-Vine links the 

variables by dependency without fixing a certain structure, so it can project the other two vine 

models (Cooke, Joe and Aas, 2011). We first factorize the joint density, 𝑓𝑓(𝐸𝐸1, … , 𝐸𝐸𝑑𝑑), of a vector 

of random variables, 𝑋𝑋 = (𝑋𝑋1, …𝑋𝑋𝑑𝑑), to form the copula distribution function as follows: 

𝑓𝑓(𝐸𝐸1, … , 𝐸𝐸𝑑𝑑) = 𝑓𝑓1(𝐸𝐸1) ∙ 𝑓𝑓2|1(𝐸𝐸2| 𝐸𝐸1)⋯𝑓𝑓𝑑𝑑|1,…,𝑑𝑑−1(𝐸𝐸𝑑𝑑| 𝐸𝐸1, … , 𝐸𝐸𝑑𝑑−1). (B.1) 

Sklar’s theorem (Sklar, 1959) and the chain rule with continuous marginal function, 𝐹𝐹𝑖𝑖(𝐸𝐸𝑖𝑖), 𝑟𝑟 =

1, …𝑅𝑅, lead us to obtain  

𝑓𝑓(𝐸𝐸1, … , 𝐸𝐸𝑑𝑑) = 𝑓𝑓1(𝐸𝐸1)⋯𝑓𝑓𝑑𝑑(𝐸𝐸𝑑𝑑) ∙ 𝑐𝑐1,…,𝑑𝑑[𝐹𝐹1(𝐸𝐸1), … ,𝐹𝐹𝑑𝑑(𝐸𝐸𝑑𝑑)], (B.2) 

where 𝑐𝑐1,…,𝑑𝑑[∙] is a d-dimensional copula density. 

Equation (B.1) is equivalent to equation (B.2) by decomposing the conditional density in 

equation (B.1). Let us consider an example of a bivariate conditional density, 𝑓𝑓2|1(𝐸𝐸2| 𝐸𝐸1), which 

can be defined as: 

𝑓𝑓2|1(𝐸𝐸2| 𝐸𝐸1) =
𝑓𝑓1,2(𝐸𝐸1, 𝐸𝐸2)
𝑓𝑓1(𝐸𝐸1)

=
𝑐𝑐1,2[𝐹𝐹1(𝐸𝐸1),𝐹𝐹2(𝐸𝐸2)] ∙ 𝑓𝑓1(𝐸𝐸1) ∙ 𝑓𝑓2(𝐸𝐸2)

𝑓𝑓1(𝐸𝐸1)
= 𝑐𝑐1,2[𝐹𝐹1(𝐸𝐸1),𝐹𝐹2(𝐸𝐸2)] ∙ 𝑓𝑓2(𝐸𝐸2), (B.3) 

where 𝑐𝑐1,2[∙,∙] is a copula density function for the pair of 𝑋𝑋1 and 𝑋𝑋2, each of which has a density 

function, 𝑓𝑓𝑖𝑖(𝐸𝐸𝑖𝑖), 𝑟𝑟 = 1,2, and a probability function, 𝐹𝐹𝑖𝑖(𝐸𝐸𝑖𝑖). 

A three-dimensional case with two variables given to the condition in the density can be defined 

as: 

𝑓𝑓1|23(𝐸𝐸1| 𝐸𝐸2, 𝐸𝐸3) = 𝑐𝑐1,2|3�𝐹𝐹1|3(𝐸𝐸1|𝐸𝐸3),𝐹𝐹2|3(𝐸𝐸2|𝐸𝐸3)� ∙ 𝑓𝑓1|3(𝐸𝐸1|𝐸𝐸3). (B.4) 

One can define different decomposition of the conditional density from equation (B.4) 

according to the following dependence structure of variables:  

𝑓𝑓1|23(𝐸𝐸1| 𝐸𝐸2, 𝐸𝐸3) = 𝑐𝑐1,3|2�𝐹𝐹1|2(𝐸𝐸1|𝐸𝐸2),𝐹𝐹3|2(𝐸𝐸3|𝐸𝐸2)� ∙ 𝑓𝑓1|2(𝐸𝐸1|𝐸𝐸2). (B.5) 

Equation (B.5) can be further factorized to the following: 

𝑓𝑓1|23(𝐸𝐸1| 𝐸𝐸2,𝐸𝐸3) = 𝑐𝑐1,3|2�𝐹𝐹1|2(𝐸𝐸1|𝐸𝐸2),𝐹𝐹3|2(𝐸𝐸3|𝐸𝐸2)� ∙ 𝑐𝑐1,2[𝐹𝐹1(𝐸𝐸1),𝐹𝐹2(𝐸𝐸2)] ∙ 𝑓𝑓1(𝐸𝐸1). (B.6) 
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We can generalize equation (B.1) by constituting the pairwise copula construction and a 

conditional marginal density using the development of the factorization above in the following 

(Aas et al., 2009): 

𝑓𝑓(𝐸𝐸| 𝚯𝚯) = 𝑐𝑐𝑥𝑥,Θ𝑗𝑗|𝚯𝚯−𝒋𝒋�𝐹𝐹�𝐸𝐸|𝚯𝚯−𝑗𝑗�,𝐹𝐹�Θ𝑗𝑗|𝚯𝚯−𝒋𝒋�� ∙ 𝑓𝑓�𝐸𝐸|𝚯𝚯−𝒋𝒋�, (B.7) 

where 𝚯𝚯 is a d-dimensional vector, Θ𝑗𝑗 is an arbitrarily selected component of the vector 𝚯𝚯 and 

𝚯𝚯−𝒋𝒋 is a vector of 𝚯𝚯 without the 𝑗𝑗-th component. 

Vine models are constructed by a number of trees, 𝑇𝑇𝑗𝑗 , 𝑗𝑗 = 1, … ,𝑅𝑅 − 1 , which start from 

unconditional marginal densities and develop with decomposition. Each tree, 𝑇𝑇𝑗𝑗, is comprised 

of 𝑅𝑅 − 𝑗𝑗 nodes and 𝑅𝑅 − 𝑗𝑗 − 1 edges and the entire decomposition of the vine density is defined 

by 𝑎𝑎(𝑎𝑎 − 1)/2 edges and the marginal densities of 𝑅𝑅 variables. The labels of the edges in the 

tree 𝑇𝑇𝑗𝑗+1 are defined by the nodes in the tree 𝑇𝑇𝑗𝑗. The case that two edges in the tree 𝑇𝑇𝑗𝑗 have a 

common node forms an edge in the tree 𝑇𝑇𝑗𝑗+1.  

As mentioned above, the R-Vine flexibly connects the variables by dependency, offering a 

general form of a vine model. Definition B1 illustrates a regular vine model based on Bedford 

and Cooke (2001, 2002), Cooke, Joe and Aas (2011) and Dissmann et al. (2013). For the D-

Vine and the C-Vine, Aas et al. (2009) provide more details in specific algorithms. 

Definition B1. (A regular vine) 𝐗𝐗 = {𝐸𝐸1, … , 𝐸𝐸𝑑𝑑} is a d-dimensional set. 𝒱𝒱 = {𝑇𝑇1, … ,𝑇𝑇𝑑𝑑−1} is a 

nested set of trees in a regular vine structure on d components if 

(1) 𝑇𝑇1 is the first tree with nodes 𝐷𝐷1 = {1, … ,𝑅𝑅} and a set of edges, 𝐸𝐸1. 

(2) For 𝑟𝑟 = 2, … , 𝑅𝑅 − 1, 𝑇𝑇𝑖𝑖 is a following tree with nodes 𝐷𝐷𝑖𝑖 = 𝐸𝐸𝑖𝑖−1 and a set of edges, 𝐸𝐸𝑖𝑖. 

(3) (Proximity condition) for 𝑟𝑟 = 2, … ,𝑅𝑅 − 1  and {𝑟𝑟, 𝐴𝐴} ∈ 𝐸𝐸𝑖𝑖 , #(𝑟𝑟 ∩ 𝐴𝐴) = 1  holds, where # 

indicates the cardinality of a set. 

The HAC method uses Archimedean copulas, which incorporate dependence parameters 

estimated by a generating function. Prior to constructing a generalized HAC structure, the 

following equation defines an exchangeable structure with Archimedean copulas in a d-

dimensional setting (Aas and Berg, 2009): 

𝑅𝑅(𝑅𝑅1, … , 𝑅𝑅𝑑𝑑) = 𝜓𝜓−1[𝜓𝜓(𝑅𝑅1) + ⋯+ 𝜓𝜓(𝑅𝑅𝑑𝑑)], (B.8) 
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where 𝑅𝑅𝑖𝑖, 𝑟𝑟 = 1, … ,𝑅𝑅, is a uniform margin for random variable i, 𝑅𝑅 is a copula function and 𝜓𝜓 is 

a generating function of an Archimedean copula with a monotonic decreasing function 𝜓𝜓−1 ∈

[0,1]. 

To construct a HAC structure, let us denote hierarchical levels by ℎ, each of which incorporates 

𝑎𝑎ℎ distinct objects. Suppose that 𝐗𝐗 = {𝐸𝐸1, … , 𝐸𝐸𝑑𝑑} is a d-dimensional set with a set of uniform 

margins 𝐔𝐔𝐝𝐝 = {𝑅𝑅1, … ,𝑅𝑅𝑑𝑑} ∈ [0,1]𝑑𝑑 at the ground level ℎ = 0. At the first level ℎ = 1, the uniform 

margins are modeled by 𝑎𝑎1 Archimedean copulas with the form, 𝑅𝑅1,𝑗𝑗, 𝑗𝑗 = 1, … ,𝑎𝑎1, defined as: 

𝑅𝑅1,𝑗𝑗�𝐮𝐮1,𝑗𝑗� = 𝜓𝜓1,𝑗𝑗
−1 ��𝜓𝜓1,𝑗𝑗�𝐮𝐮1,𝑗𝑗�

𝐮𝐮1,𝑗𝑗

�, (B.9) 

where 𝜓𝜓1,𝑗𝑗 is the generating function of the copula 𝑅𝑅1,𝑗𝑗, 𝑗𝑗 = 1, … ,𝑎𝑎1, and 𝐮𝐮1,𝑗𝑗 is a set of elements 

from uniform margins 𝐔𝐔𝐝𝐝. 

A set of copulas, 𝑅𝑅1,𝑗𝑗, at the first level is grouped into a set of copulas at the second level, 

𝑅𝑅2,𝑗𝑗, 𝑗𝑗 = 1, … ,𝑎𝑎2, which can be represented as: 

𝑅𝑅2,𝑗𝑗�ℂ2,𝑗𝑗� = 𝜓𝜓2,𝑗𝑗
−1 ��𝜓𝜓2,𝑗𝑗�ℂ2,𝑗𝑗�

ℂ2,𝑗𝑗

�, (B.10) 

where 𝜓𝜓2,𝑗𝑗 is the generating function of the copula 𝑅𝑅2,𝑗𝑗, 𝑗𝑗 = 1, … , 𝑎𝑎2, at the second level and ℂ2,𝑗𝑗 

stands for a set of the copulas from the first level (ℎ = 1) grouped into 𝑅𝑅2,𝑗𝑗. 

The entire HAC structure is complete until the process reaches the final level ℎ  with the 

hierarchical Archimedean copula 𝑅𝑅ℎ,1 as a single object. As an example, the four-dimensional 

density function of HAC can be expressed as: 

𝑅𝑅(𝑅𝑅1,𝑅𝑅2,𝑅𝑅3,𝑅𝑅4) = 𝑅𝑅21�𝑅𝑅11(𝑅𝑅1,𝑅𝑅2),𝑅𝑅12(𝑅𝑅1,𝑅𝑅2)�

= 𝜓𝜓21−1�𝜓𝜓21�𝜓𝜓11−1�𝜓𝜓11(𝑅𝑅1) + 𝜓𝜓11(𝑅𝑅2)�� +𝜓𝜓21�𝜓𝜓12−1�𝜓𝜓12(𝑅𝑅3) + 𝜓𝜓12(𝑅𝑅4)���, (B.11) 

where 𝑅𝑅𝑖𝑖, 𝑟𝑟 = 1, … ,4, is a uniform margin for random variable i, 𝑅𝑅 is a copula function and 𝜓𝜓 is 

a generating function of an Archimedean copula. 

Aas and Berg (2009), Savu and Trede (2010) and Okhrin, Okhrin and Schmid (2013) provide 

more details on the specification and the inference of the HAC structure.
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Appendix C. Graphical and numerical results for modeling 

Graphical diagnoses and numerical results of marginal modeling 

 
Figure C1. Time-series plots and autocorrelation function plots. 

 

 
Figure C2. Histograms of asset returns and testing normality of innovations. 
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Figure C3. Histograms of insurance loss and QQ-plots with fitted distributions. 

 

Asset portfolio Insurance portfolio 

 

Figure C4. Pairwise plots and Kendall’s correlations of marginal distributions. The pairwise scatter plots 
of transformed standardized residuals are displayed on the upper triangle and the corresponding bivariate 
Kendall’s rank correlations are on the lower triangle.
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Table C1. ARMA-GARCH Specifications 

 ARMA-order AIC for ARMA Fitted distribution 
for innovation 

AIC for 
GARCH(1,1) 

KR_stock (0,3) -416.37 Skew normal -439.28 
KR2Y (3,3) -1,119.34 Student-t -1,171.82 
KR5Y (3,2) -993.47 Student-t -1,000.89 
KR10Y (3,1) -835.83 Skew student -841.92 
KRcor (3,3) -1,467.52 Student-t -1,615.04 
KRM3 (3,3) -710.25 Skew normal -785.15 
Wrd_real (2,3) -540.72 Skew normal -591.04 

 
Table C2. Distributions Fitting Results for Insurance Losses 

 Fire Motor Marine Liability Accident 

Skew Normal    5,507.61 
(0.426***)  

   18,411.32 
(0.999***) 

   5,894.99  
(0.426***) 

   5,884.48  
(0.474***) 

     6,452.71  
(0.458***) 

Student-t    6,056.20 
(0.560***)  

     7,550.89 
(0.743***)  

   6,381.02  
(0.539***) 

   5,756.39  
(0.319***) 

     6,358.80  
(0.424***) 

Skew student-t    5,277.97 
(0.071)  

     7,144.08  
(0.434***) 

   5,675.24  
(0.108**) 

   5,685.14  
(0.118**) 

     6,254.18  
(0.072) 

Lognormal    5,595.35 
(0.334***)  

     6,898.17  
(0.073) 

   5,958.91  
(0.363***) 

   5,664.16  
(0.072) 

     6,300.37  
(0.199***) 

Gamma    5,291.48 
(0.213***)  

     6,902.25  
(0.109**) 

   5,637.89  
(0.075) 

   5,659.83  
(0.077) 

     6,265.40  
(0.161***) 

Weibull    6,188.74  
(0.823***) 

     8,497.73  
(0.886***) 

   6,466.01  
(0.803***) 

   6,819.57  
(0.868***) 

     7,412.18  
(0.884***) 

Inverse Gaussian    8,725.86 
(0.978***)  

   12,481.34  
(0.999***) 

   9,200.98  
(0.961***) 

   9,726.62  
(0.999***) 

   10,699.46  
(0.999***) 

Cauchy    5,323.55 
(0.125***)  

     7,000.54  
(0.163***) 

   5,741.18  
(0.138***) 

   5,761.80  
(0.160***) 

     6,366.56  
(0.133***) 

Burr    5,988.23  
(0.546***) 

     8,276.54  
(0.620***) 

   6,273.73  
(0.525***) 

   6,599.54  
(0.574***) 

     7,185.69  
(0.579***) 

GPD    5,335.66  
(0.201***) 

     7,418.68  
(0.683***) 

   5,727.55  
(0.191***) 

   5,768.63  
(0.208***) 

     6,349.77  
(0.221***) 

POT 90% 
(Norm-GPD) 

   5,472.58 
(0.437***)  

     7,564.20  
(0.818***) 

   5,869.92  
(0.426***) 

   5,896.56  
(0.463***) 

     6,476.03  
(0.453***) 

POT 90% 
(Lognorm-GPD) 

   5,597.43 
(0.303***)  

     8,341.07  
(0.801***) 

   6,312.60  
(0.697***) 

   6,661.56  
(0.765***) 

     7,252.92  
(0.757***) 

Note: The numbers in the parentheses are Kolmogorov-Smirnov statistics and *,**,*** indicate that the p-value is less than 
the significance levels, 10%, 5% and 1% respectively. The bold indicates the best fit for each insurance loss distribution. 
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Parameter estimation and graphical structure of dependence modeling 

Table C3. Parameter Estimations of the Best Fitted Pair Copula Structure (First Tree) 

 Copula Parameter Lower-tail 
dependency 

Upper-tail 
dependency 

Asset Portfolio 
𝜃𝜃4,2;𝑅𝑅𝐾𝐾𝐾𝐾10𝑌𝑌,𝐾𝐾𝐾𝐾2𝑌𝑌 (Student-t) 0.36/3.78 0.195 0.195 
𝜃𝜃3,4;𝑅𝑅𝐾𝐾𝐾𝐾5𝑌𝑌,𝐾𝐾𝐾𝐾10𝑌𝑌 (Student-t) 0.67/2.80 0.439 0.439 
𝜃𝜃5,3;𝑅𝑅𝐾𝐾𝐾𝐾𝑖𝑖𝑐𝑐𝑖𝑖,𝐾𝐾𝐾𝐾5𝑌𝑌 (Student-t) 0.48/3.43 0.272 0.272 
𝜃𝜃6,5;𝑅𝑅𝐾𝐾𝐾𝐾𝐾𝐾3,𝐾𝐾𝐾𝐾𝑖𝑖𝑐𝑐𝑖𝑖  (Student-t) 0.17/3.72 0.129 0.129 
𝜃𝜃1,6;𝑅𝑅𝐾𝐾𝐾𝐾_𝑎𝑎𝑎𝑎𝑐𝑐𝑖𝑖𝑘𝑘,𝐾𝐾𝐾𝐾𝐾𝐾3 (Student-t) 0.65/4.16 0.339 0.339 
𝜃𝜃7,1;𝑅𝑅𝑊𝑊𝑖𝑖𝑑𝑑_𝑖𝑖𝑎𝑎𝑎𝑎𝑙𝑙,𝐾𝐾𝐾𝐾_𝑎𝑎𝑎𝑎𝑐𝑐𝑖𝑖𝑘𝑘 (Survival Gumbel) 1.82 0.537 - 
 
Insurance Portfolio 

𝜃𝜃4,1;𝑅𝑅𝐿𝐿𝑖𝑖𝑎𝑎𝐿𝐿𝑖𝑖𝑙𝑙𝑖𝑖𝑎𝑎𝐿𝐿,𝐹𝐹𝑖𝑖𝑖𝑖𝑎𝑎  (Survival Gumbel) 1.16 0.181 - 
𝜃𝜃2,4;𝑅𝑅𝐾𝐾𝑐𝑐𝑎𝑎𝑐𝑐𝑖𝑖,𝐿𝐿𝑖𝑖𝑎𝑎𝐿𝐿𝑖𝑖𝑙𝑙𝑖𝑖𝑎𝑎𝐿𝐿  (Gumbel) 1.93 - 0.568 
𝜃𝜃5,2;𝑅𝑅𝐴𝐴𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑎𝑎𝑛𝑛𝑎𝑎,𝐾𝐾𝑐𝑐𝑎𝑎𝑐𝑐𝑖𝑖  (Frank) 20.34 - - 
𝜃𝜃5,3;𝑅𝑅𝐴𝐴𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑎𝑎𝑛𝑛𝑎𝑎,𝐾𝐾𝑎𝑎𝑖𝑖𝑖𝑖𝑛𝑛𝑎𝑎 (Survival Clayton) 0.86 - 0.341 
Note: The table shows estimated parameters only in the first tree of the structure, which demonstrates the strongest 
dependency in the structure. Student-t copula has two parameters representing dependency and degree of freedom. The 
parametric R-Vine is sequentially determined by R-package VineCopula. The subscripts of the copulas indicate the 
following: 
Asset (Korean): 1=KR_stock; 2=KR2Y; 3=KR5Y; 4=KR10Y; 5=KRcor; 6=KRM3; 7=Wrd_real 
Insurance (Korean): 1=Fire; 2=Motor; 3=Marine; 4=Liability; 5=Accident 

 

Asset portfolio Insurance portfolio 

 
Figure C5. Graphical structure of dependency in the first tree. The estimated copula functions and their 
dependence parameters are illustrated at edges. The copula functions at edges are specified as follows: 
t: Student-t; SG: Survival Gumbel; G: Gumbel; SC: Survival Clayton; F: Frank. 
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Appendix D. Additional applications 

In this application, we diversify the dependence structures at the base level to identify the 

impact of different base-level dependencies and also the structures at the top level with the data-

driven correlation between asset and underwriting portfolios. Additionally, we investigate how 

the difference between internal models and standard models changes with different asset 

allocation strategies and how strong the diversification effect in our internal model could be.  

Application to economic capital 

Table D1 illustrates the results of risk measurement with diversified models at two levels. 

Regarding the models at the base level, we carry out two different approaches in order to apply 

HAC models and simple Archimedean models (AC); we consider HAC and AC with Gumbel 

for the asset portfolio and with Clayton for the insurance portfolio, which is regarded as the 

best-case scenario for a non-life insurer by HAC and AC models.38F

38 Conversely, HAC and AC 

with Clayton for the asset portfolio and with Gumbel for the insurance portfolio can be seen as 

the worst-case scenario by HAC and AC. Additionally, we employ the independence structure 

for both portfolios at the base level to see how significantly different economic capitals can be 

between independence assumption and intrinsic dependence structures at the base level 

aggregation. 

The correlation applied at the top level is the empirical measure from the original data. 

Consistently, the independence structure at the top level generates the lowest economic capital 

across all base-level models, implying that the correlation assumption under regulations 

between market and insurance modules can overestimate the capital requirements. The models 

with the tail dependence measures (particularly, student-t and Gumbel) produce higher level of 

capitals at extreme quantiles. This also applies to the base-level results that R-Vine, student-t, 

HAC-worst and AC-worst cases with the correlated risk in the tail generally provide higher 

capital levels. In addition, the independence structure of d-dimensional case at the base level 

                                                           
38  Since HAC with Gumbel copula can model the upper tail dependency for every estimated pair in the structure, 

it can derive the simultaneous positive returns from the asset portfolio. In contrast, since HAC with Clayton 
copula can model the lower tail dependency for every estimated pair, it can predict simultaneous lower claims 
from different lines of business in the insurance portfolio. However, these scenarios are not definitive best or 
worst scenarios across all considered models since the scenarios are modeled only by HAC, but they can 
provide different scenarios for estimating the economic capital. In the literature, several approaches are carried 
out to find the bounds on the risk measure. For example, Pfeifer and Strassburger (2008) use Frechet-Hoeffding 
bounds to aggregate stochastically dependent risks as extreme cases. Aas and Puccetti (2014) develop upper 
and lower bounds on the risk measure based on the rearrangement algorithm (RA).  
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can generate significantly lower level of the economic capital, since this structure does not 

incorporate the correlated risk that should be counted in the estimate. 

Table D1. Comparison with Regulatory Standards 

   Top-level dependence (Bivariate) 
(in ₩ billion) Indep Gauss t Gumbel Clayton 

B
as

e-
le

ve
l d

ep
en

de
nc

e 

       

VaR at 
99% 

R-Vine 559.7 582.1 587.9 605.6 577.4 
Gauss 521.1 554.7 571.5 569.1 548.5 
t 534.7 557.9 581.1 575.5 555.2 
HAC-best 464.3 488.7 516.7 504.5 482.3 
HAC-worst 507.8 528.9 563.8 535.1 524.8 
AC-best 398.3 419.5 438.5 430.2 413.5 
AC-worst 531.0 553.1 578.4 553.5 541.7 
Independence 129.3 148.5 165.6 165.4 146.9 
Bernstein 304.9 323.8 346.3 338.9 318.6 

       

VaR at 
99.5% 

R-Vine 744.5 757.3 768.6 763.4 755.0 
Gauss 693.3 711.0 697.5 682.0 680.6 
t 714.6 723.6 721.0 682.9 708.5 
HAC-best 619.0 629.8 625.7 614.5 625.4 
HAC-worst 672.4 698.8 692.7 669.6 693.2 
AC-best 533.9 547.4 546.8 529.2 543.4 
AC-worst 711.0 721.3 716.8 708.2 715.4 
Independence 243.5 265.7 252.9 248.9 253.2 
Bernstein 454.7 478.6 469.3 441.4 462.7 

       

TVaR 
at 99% 

R-Vine 842.5 850.0 880.2 866.4 841.0 
Gauss 779.2 762.5 795.5 782.7 757.8 
t 795.0 780.6 811.8 790.5 777.2 
HAC-best 701.5 686.3 713.2 699.3 678.6 
HAC-worst 769.2 757.1 788.1 776.3 754.5 
AC-best 615.4 600.8 624.9 613.2 591.5 
AC-worst 801.5 805.0 829.8 819.1 794.8 
Independence 316.1 311.3 333.6 323.4 307.5 
Bernstein 540.7 527.3 551.8 534.5 520.6 

  K-RBC (VaR 99%) SII (VaR 99.5%) SST (TVaR 99%) 
Standard models 846.3 1,177.5 1,471.5 
Note: HAC stands for hierarchical Archimedean copulas and AC indicates simple Archimedean copulas. The bold indicates 
the best fitted model for the empirical data. 

The estimates of the Bernstein model are positioned between those of parametric models (R-

Vine, Gaussian and student-t) and the independence model, which is in line with the outcome 

of the literature modeling non-life insurance loss with Bernstein copula (Diers et al., 2012).39F

39 

Specifically, the Bernstein copula could generate a smaller size of the risk measures at extreme 

quantiles than those of parametric copulas. This result might be because the non-parametric 

estimation with Bernstein polynomials plays a role of an approximation to parametric copulas 

                                                           
39  Few empirical studies have compared risk measurement between Bernstein copula and parametric copulas. 

Thus, our result in the application could be a benchmark to compare Bernstein model and other parametric 
models for future research. 
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and smoothing parameters for polynomial dimensions are dependent on the grid size (= m) 

(Sancetta and Satchell, 2004; Scheffer and Weiss, 2017). 

Asset allocation strategies 

The asset allocation considered in table 8 reflects the realistic strategy that the main insurer 

adopted, giving 2.75% annual return and 7.51% annual standard deviation. In this case, slightly 

above 80% is invested in the fixed income securities, which can help an insurer meet the 

regulatory requirement (ruin probability of 0.5%) and be more likely to avoid insolvency (Eling 

et al., 2009). However, it is difficult for the insurer from the short-term perspective to increase 

the investment size so that the firm usually diversifies strategies by considering different 

allocations to the assets (Eling et al., 2009).40F

40 Based on this fact, we implement different asset 

allocations to derive the economic capital under our internal model and the standard model. 

Following Eling et al. (2009), we take into account two possible asset allocation strategies 

shown in Panel A of table D241F

41, which have different levels of risk. Since the second case 

incorporates more weights on riskier assets (i.e. KR_stock and Wrd_real. See table D2), it 

shows higher volatility (= 17.72%) on an annual basis, but higher return (= 6.17%) than that of 

the first case (2.82% volatility and 8.50% return). We estimate the economic capitals by VaR 

at 99% and the K-RBC level for each strategy to which the dataset is subject. 

The results in Panel B of table D2 show that a riskier asset portfolio increases the economic 

capital and the capital requirement by the regulation. The economic capital of the riskier case 

under the best fit model is 38.7% higher than that of the less risky case, which implies that 1% 

increase in the portfolio volatility can lead to 4.21% increase in the economic capital. This is a 

reasonable outcome in that a riskier investment with a higher return and a higher volatility leads 

to a higher capital requirement. The economic capital with different asset strategies can be also 

overestimated by the standard model, showing that the K-RBC turns out to be 56.2% 

overestimated in the first strategy and 60.9% in the second strategy. It is observed from this 

result that the riskier the asset portfolio is, the larger the gap between the internal model and 

the standard model is. 

 

                                                           
40  Gründl et al. (2016) state that firm size is a significant factor on risk-taking by insurers. Larger insurers are 

able to more diversify investment portfolios, which enables the insurers to take on more risks and control such 
risks.  

41  Eling et al. (2009) consider four examples of asset allocations. Among them, the first example accounts for the 
investment only on the money market and the third example addresses the equally weighted portfolio (see table 
2 in Eling et al., 2009). Since we need to take into consideration diversified portfolio under dependency with 
different riskiness we do not include the first and third examples in Eling et al. (2009). 
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Table D2. Diversified Investment Strategies 
Panel A: Asset allocations 
  Allocation 1 Allocation 2 
Equity KR_stock 10% 30% 
Fixed income KR2Y 20% 10% 

KR5Y 20% 10% 
KR10Y 20% 10% 
KRcor 20% 10% 

Money Market KRM3 0% 0% 
Real estate Wrd_real 10% 30% 

Panel B: Application to the economic capital  

(in ₩ trillion) 
Top-level dependence 

Indep Gauss t Gumbel Clayton K-RBC 

B
as

e-
le

ve
l d

ep
en

de
nc

e 

Allocation 1 
(VaR 99%) 
 𝜇𝜇=2.82% 
 𝜎𝜎=8.50% 

R-Vine 603.4 631.8 663.0 641.0 621.1 

942.5 

Gauss 565.1 590.1 619.4 614.1 583.7 
t 578.3 602.3 628.7 621.1 592.0 
HAC-best 511.5 532.8 566.7 551.0 517.1 
HAC-worst 552.0 570.9 608.1 585.8 566.5 
AC-best 458.9 483.1 503.8 494.2 466.0 
AC-worst 590.9 598.5 643.0 614.1 597.7 
Independence 202.9 214.2 241.5 238.3 206.6 
Bernstein 421.3 439.3 452.5 451.5 431.5 

  Indep Gauss t Gumbel Clayton K-RBC 

Allocation 2 
(VaR 99%) 
 𝜇𝜇=6.17% 
 𝜎𝜎=17.72% 

R-Vine 837.1 871.1 924.1 899.8 848.8 

1,346.7 

Gauss 787.7 795.2 841.9 832.1 793.3 
t 790.2 817.6 851.6 844.5 797.5 
HAC-best 659.5 682.5 717.3 705.4 672.0 
HAC-worst 800.1 844.0 893.9 863.8 821.9 
AC-best 654.7 678.2 709.2 702.5 669.9 
AC-worst 852.5 876.9 928.7 892.4 854.0 
Independence 392.8 405.4 433.0 431.0 399.3 
Bernstein 650.8 669.9 694.0 688.4 668.9 

Note: 𝜇𝜇 is the mean of the portfolio and 𝜎𝜎 is the volatility of the portfolio on an annual basis. The bold in panel B indicates 
the best fitted model for the empirical data. 

Diversification effect 

The standard formula under regulations allows insurers to have the diversification benefit by 

reducing the economic capital in the aggregate distribution. The diversification effect in the 

standard formula is generated by the square root formula with the assumed correlation 

measures. However, it can be expected that the diversification effect under the linear 

dependence structure is smaller than the effect under the non-linear dependence structure (Eling 

and Jung, 2018). The diversification effect is estimated by: 

𝑅𝑅𝑟𝑟𝐴𝐴 =
𝑆𝑆𝑅𝑅𝑅𝑅�∑ 𝑋𝑋𝑖𝑖𝑑𝑑

𝑖𝑖=1 � − ∑ 𝑆𝑆𝑅𝑅𝑅𝑅𝑖𝑖𝑑𝑑
𝑖𝑖=1

∑ 𝑆𝑆𝑅𝑅𝑅𝑅𝑖𝑖𝑑𝑑
𝑖𝑖=1

, (D.1) 

where 𝑆𝑆𝑅𝑅𝑅𝑅�∑ 𝑋𝑋𝑖𝑖𝑑𝑑
𝑖𝑖=1 � is the solvency capital requirement of a portfolio with d-dimensional risks 

and ∑ 𝑆𝑆𝑅𝑅𝑅𝑅𝑖𝑖𝑑𝑑
𝑖𝑖=1  is the sum of individual SCRs for the portfolio. 
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Gatzert and Martin (2012) assess the diversification benefit of around 18% from the asset 

portfolio with stocks and bonds in their internal model and provide the benefit of the standard 

formula in SII (see figure D1). To compare with their estimate as a benchmark, we also derive 

the diversification effect of the asset portfolio from different base-level settings. Here, we 

consider five competing base-level models: R-Vine (PCC), Gaussian, student-t, HAC with 

Gumbel, HAC with Clayton and Bernstein copula. The diversification benefits from our 

empirical case and Gatzert and Martin (2012) are comparable in that the same diversification 

formula is applied and only stocks and bonds are considered in the portfolio. The difference 

between two implementations is that the asset portfolio in our empirical case consists of less 

number of assets than the portfolio in Gatzert and Martin (2012) (5 vs. 14). Overall, the pair 

copula model drives the highest diversification benefit of around 42.6%, followed by student-t 

(37.9%), Gaussian (37.2%) and Bernstein (37.0%). This effect accounts for a significant 

reduction in the economic capital (from the simple summation of individual risks estimated in 

the same model) by the data-driven dependence structure, compared to that of the standard 

formula (7.7%) in figure D1. 

 
Figure D1. Diversification benefit of the asset portfolio. The 
diversification benefit is obtained by measuring how much the SCR 
of a portfolio is reduced from the sum of individual SCRs. “HAC-G” 
stands for HAC model with Gumbel copula and “HAC-C” for HAC 
model with Clayton copula. “Internal” indicates the diversification 
benefit from the internal model in Gatzert and Martin (2012) and 
“Standard” from the standard model in the same paper.
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Appendix E. Comparing standard models and the internal model 

In this section, we additionally note the comparison between the internal model and the standard 

models in Section 5. First, we apply the risk category of each regulatory framework to the 

dataset as explained in Section 2.1. For example, we categorize our underwriting data to two 

lines of business (automobile and general insurance) under the K-RBC and to five lines of 

business (Fire, Motor, Marine, Liability and Miscellaneous) under SII. This categorization is 

also applied to the German data in Appendix G. The following describes several particular 

points of comparison. 

Korean RBC 

As mentioned in Section 2.1, no correlation between market risk factors is taken into 

consideration in the standard model. Here, we assume that the equity and bond assets in the 

Korean benchmark portfolio belong to the category of short-term securities (see footnote 7). 

Thus, the market risk module in the K-RBC framework is based on the simple summation of 

risk amounts from different factors (FSS, 2017, p. 131): 

𝑅𝑅𝑟𝑟𝑅𝑅𝑘𝑘𝑚𝑚𝑘𝑘𝑎𝑎 = �𝑅𝑅𝑟𝑟𝑅𝑅𝑘𝑘𝑖𝑖
𝑖𝑖

, (E.1) 

where 𝑅𝑅𝑟𝑟𝑅𝑅𝑘𝑘𝑖𝑖 is the exposure of i-th risk factor multiplied by the corresponding risk coefficient. 

The standard risk coefficient for each factor from both asset and underwriting portfolios is given 

to an insurer, however, the K-RBC allows for adjusting the coefficient only to the underwriting 

portfolio. The adjusted risk coefficient (= 𝛾𝛾𝑖𝑖′) for the underwriting risk is calculated with the 

difference in the combined ratio between the undertaking and the industry average (FSS, 2017, 

p. 54):  

𝛾𝛾𝑖𝑖′ = min�Max�𝛾𝛾𝑖𝑖 + �𝑅𝑅𝑅𝑅𝑖𝑖 − 𝑅𝑅𝑅𝑅𝑎𝑎𝑣𝑣𝑎𝑎� × 0.5, 𝛾𝛾𝑖𝑖 × 0.7�, 1�, (E.2) 

where 𝛾𝛾𝑖𝑖 is the standard risk coefficient for i-th line of business, 𝑅𝑅𝑅𝑅𝑖𝑖 is the combined ratio for 

i-th line and 𝑅𝑅𝑅𝑅𝑎𝑎𝑣𝑣𝑎𝑎 is the industry average of the combined ratio for i-th line. 

The risk size for each factor is conceptually described by VaR 99% as seen in figure E1, which 

is reflected in the risk coefficient. To replace the risk coefficient given in the standard model 

by our undertaking-specific parameters, we apply the multiplication of 99% quantile under the 

normality assumption and the standard deviation (= 2.32𝜎𝜎) for the asset portfolio in the internal 

model, which is equivalent to the size of the deviation in figure E1. Our undertaking-specific 
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risk coefficients can better reflect the degree of riskiness, for example, from the returns in the 

realistic asset portfolio (see table E1). 

 
Figure E1. Conceptual plot for individual risk exposure in the K-RBC (FSS, 2017, p. 29). 

 

Table E1. Comparison of Risk Coefficients for the Asset Portfolio 

 KRstock KR2Y KR5Y KR10Y KRcor KR3MCD Wrd_real 
Internal model 0.179 0.028 0.040 0.059 0.124 0.119 0.131 
K-RBC 0.120 0.012 0.035 0.060 0.030 0.012 0.060 
Note: For the risk coefficients on the government bonds, we assume that the term to maturity for each bond is following: 1-
2 years for KR2Y, 4-5 years for KR5Y and 7-10 years for KR10Y.  

Solvency II 

The SII measure is calculated using the calibrated parameters under scenarios provided by SII 

standard. The aggregation of market risk factors reaches at the following equation (EC, 2010, 

p. 108): 

𝑆𝑆𝑅𝑅𝑅𝑅𝑚𝑚𝑘𝑘𝑎𝑎 = max ��𝑅𝑅𝑟𝑟𝑟𝑟𝑟𝑟𝑀𝑀𝑘𝑘𝑟𝑟𝑀𝑀𝑐𝑐𝑖𝑖,𝑗𝑗 ∙ 𝑀𝑀𝑘𝑘𝑟𝑟𝑖𝑖𝑝𝑝,𝑖𝑖 ∙ 𝑀𝑀𝑘𝑘𝑟𝑟𝑖𝑖𝑝𝑝,𝑗𝑗
𝑖𝑖,𝑗𝑗

;�𝑅𝑅𝑟𝑟𝑟𝑟𝑟𝑟𝑀𝑀𝑘𝑘𝑟𝑟𝐷𝐷𝑟𝑟𝑤𝑤𝑎𝑎𝑖𝑖,𝑗𝑗 ∙ 𝑀𝑀𝑘𝑘𝑟𝑟𝑑𝑑𝑐𝑐𝑑𝑑𝑛𝑛,𝑖𝑖 ∙ 𝑀𝑀𝑘𝑘𝑟𝑟𝑑𝑑𝑐𝑐𝑑𝑑𝑛𝑛,𝑗𝑗
𝑖𝑖,𝑗𝑗

�, (E.3) 

where 𝑅𝑅𝑟𝑟𝑟𝑟𝑟𝑟𝑀𝑀𝑘𝑘𝑟𝑟𝑀𝑀𝑐𝑐𝑖𝑖,𝑗𝑗 is the correlation between market risk factor i and j under the interest rate 

up stress, 𝑀𝑀𝑘𝑘𝑟𝑟𝑖𝑖𝑝𝑝,𝑖𝑖 is the required capital for the i-th market risk sub-module under the interest 

rate up stress, 𝑅𝑅𝑟𝑟𝑟𝑟𝑟𝑟𝑀𝑀𝑘𝑘𝑟𝑟𝐷𝐷𝑟𝑟𝑤𝑤𝑎𝑎𝑖𝑖,𝑗𝑗 is the correlation between market risk factor i and j under the 

interest rate down stress and 𝑀𝑀𝑘𝑘𝑟𝑟𝑑𝑑𝑐𝑐𝑑𝑑𝑛𝑛,𝑖𝑖 is the required capital for the i-th market risk sub-module 

under the interest rate down stress. 

The SII estimate in table 8 is the one under the interest rate up stress. In terms of the equity risk 

module, SII differentiates the shock scenario in two categories: “Global” and “Other” (“Type 

1” and “Type 2” in EC, 2014). “Global” category contains the equities belonging to the 

members of the European Economic Area (EEA) or the Organization for Economic 
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Cooperation and Development (OECD), whereas “Other” category incorporates other equities 

not belonging to the list of “Global” equities (EC, 2014, p. 108). The equities in our Korean 

and German cases are considered in the “Global” category. 

The required capital for each risk module is calculated by applying the calibrated parameters 

by EC (2014). With regard to the required capital for the non-life risk module, the calculation 

is based on equation (3). For each sub-risk module, we calculate the required capital: 

𝑆𝑆𝑅𝑅𝑅𝑅𝑖𝑖,𝑁𝑁𝐿𝐿 = 3 × 𝜎𝜎𝑖𝑖 × 𝑉𝑉𝑖𝑖, (E.4) 

where 𝜎𝜎𝑖𝑖 is the standard deviation for i-th submodule based on the calibrated standard deviation 

for premium and reserve risks in SII and 𝑉𝑉𝑖𝑖 is the volume measure for i-th submodule. 3 × 𝜎𝜎𝑖𝑖 

indicates an approximate measure of the combined standard deviation for the module, which is 

assumed upon the lognormal losses (EC, 2010, p. 199). 

Swiss Solvency Test 

SST is designed to evaluate the amount of risks on a market-consistent basis (FINMA, 2006). 

The SST measure in table 8 is upon the standard model, which assumes the linear dependence 

of P&L on risk factors and multivariate normal for all risk factors. That is, SST assumes a 

multivariate normal distribution with mean 0 and the volatility based on the sensitivity analysis 

for the asset portfolio (FINMA, 2006). It calibrates the volatilities and the correlation matrix 

with monthly data. Thus, we also use variance-covariance approach for the asset portfolio with 

the delta measure defined in SST as follows: 

∆𝑉𝑉(𝑃𝑃) ~ 𝑁𝑁�0,�𝛿𝛿′∑𝛿𝛿�, (E.5) 

where ∆𝑉𝑉(𝑃𝑃) is the change in the market portfolio value, 𝛿𝛿 is a vector of the sensitivities of the 

portfolio with respect to the risk factors and ∑ is the covariance matrix of the risk factors (7×7 

for the Korean case and 10×10 for the German case in Appendix G). 

Regarding the underwriting portfolio, SST requires different estimations for normal and large 

losses, which are above either the threshold of 1 million or 5 million CHF (see Section 2.1). 

For normal sizes, the first two moments are used to estimate, whereas lognormal assumption is 

employed to estimate large sizes. In this application, we assume that our loss data are the losses 

in the current accident year and the exchange rate between CHF and Korean Won is 1,000 

Won/CHF to translate the threshold. Then, we apply the distributional assumptions to the 

different sizes of losses and implement convolution to aggregate the market risk and the 

underwriting risk.
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Appendix F. Robustness of the best fit model  

We implement our modeling procedure on the base-level dependence structure of the 

underwriting portfolio and the top-level dependence structure from both sides for four 

companies considered in table 9. Panel A of table F1 illustrates that the statistical testing results 

for four companies at the base level turn out to be similar to the result with the main dataset in 

Section 4. R-Vine model is proven to be superior to other models, followed by elliptical models 

(Gaussian and student-t). Hierarchical Archimedean models fit better than simple Archimedean 

family, but cannot compete with R-Vine and elliptical family. At the top level, we again find 

that the independence assumption needs to be taken into account as evidenced by statistical 

testing in panel B, thus we can conclude that our internal risk model is robust. 

Table F1. Implementation of the Best Fit Aggregation Model for Four Companies 

Panel A: Base-level estimation (underwriting) 

  Company 1 Company 2 Company 3 Company 4 
Copula LogLik AIC LogLik AIC LogLik AIC LogLik AIC 

Elliptical 
Gauss 154.4 -288.9 118.1 -216.1 52.5 -85.0 118.6 -217.3 
t 161.7 -301.4 120.6 -219.2 53.6 -85.2 133.5 -245.0 

Archimedean 
Gumbel 26.5 -50.9 80.9 -159.7 -0.0 2.0 60.6 -119.2 

Clayton 26.7 -51.4 39.3 -76.5 1.8 -1.7 86.2 -170.3 

HAC 
Gumbel 142.4 -276.9 128.0 -248.0 14.0 -20.0 87.6 -167.1 

Clayton 120.2 -232.4 11.5 -15.0 13.4 -18.8 86.5 -165.0 

PCC(R-Vine) 202.4 -396.7 157.7 -301.3 74.3 -130.5 162.0 -306.0 
Bernstein 193.5 -122.0 220.5 -138.8 103.8 -40.3 242.1 -134.4 

  

Panel B: Top level estimation (with R-Vine at the base level) 

 Company 1 Company 2 Company 3 Company 4 
 Statistic P-value Statistic P-value Statistic P-value Statistic P-value 

Indep 0.866 0.386 0.027 0.978 0.596 0.551 1.725* 0.085 
Gauss 0.488*** 0.008 0.245* 0.092 0.198 0.176 0.586*** 0.006 
t 0.511** 0.011 0.297* 0.066 0.204 0.179 0.580*** 0.005 
Gumbel 0.465** 0.015 0.276* 0.071 0.184 0.213 0.562*** 0.005 
Clayton 0.550** 0.011 0.273* 0.082 0.228 0.139 0.632*** 0.001 
Note: Elliptical and Archimedean copulas are estimated via R package copula, HAC models are estimated via copula and 
HAC, R-Vine model is implemented via VineCopula and Bernstein D-Vine model is estimated via penDvine. *,**,*** 
indicate that the p-value is less than the significance levels, 10%, 5% and 1% respectively. The bold indicates the best fit 
method for each portfolio. Four companies in panel B are chosen out of the Korean non-life insurers, who operate the five 
lines of business considered in our study, by the quartile of the total asset size. Company 1 is at the first quartile (25%) from 
the largest company, company 2 is at the second quartile (median), company 3 is at the third quartile and company 4 is the 
smallest. 

 



47 
 
 

Appendix G. Fitting result for German data 

The considered realistic asset portfolio consists of 10 asset indices (table G1) as a benchmark 

for a German non-life insurer introduced and employed in Eling et al. (2009).42F

42 The asset data 

are monthly returns from January 1998 to December 2006, each of which contains 108 

observations. We also use historical claims data of the same insurer on a monthly basis for the 

same period.43F

43 The insurance portfolio is formed with six lines of business: industry fire, other 

fire, household storm, homeowner fire, homeowner storm and water damage insurances. 

Table G1. List of Benchmark Indices and Descriptive Statistics (Eling et al., 2009) 

Panel A: List of benchmark indices 
Asset class Index Description Asset allocation 

Equity Wrd_stock MSCI Worldwide stock indices without EMU 5.0% 
EMU_stock MSCI Stock indices in EMU without Germany 5.0% 
DE_stock MSCI Stock index in Germany 5.0% 

Fixed Income US2Y US 2 year Sovereign Bond Index 15.0% 
DE2Y Germany 2 year Sovereign Bond Index 15.0% 
EMU2Y Euro Zone 2 year Sovereign Bond Index 15.0% 
IBOXX corp IBOXX Euro AAA 3 year Corporate bond index 15.0% 

Money Market EURM3 European Central Bank M3 money supply index 5.0% 
Real Estate Wrd_real MSCI Worldwide real estate index 10.0% 

Euro_real MSCI Europe real estate index 10.0% 
Panel B: Descriptive statistics 
Assets mean sd skewness kurtosis Max median min JB-test 
Wrd_stock 0.0053 0.0414 -0.6789 0.6728 0.0891 0.0092 -0.1400 11.007*** 
EMU_stock 0.0072 0.0542 -0.7148 1.1359 0.1212 0.0194 -0.1699 16.085*** 
DE_stock 0.0065 0.0688 -0.8105 2.8450 0.2126 0.0104 -0.2791 51.446*** 
US2Y 0.0035 0.0053 0.1033 0.2326 0.0173 0.0032 -0.0112 0.584 
DE2Y 0.0027 0.0035 0.1327 -0.7752 0.0098 0.0025 -0.0052 2.747 
EMU2Y 0.0035 0.0092 -0.2086 -0.6162 0.0248 0.0044 -0.0172 2.275 
IBOXX corp 0.0033 0.0087 -0.1727 -0.3203 0.0242 0.0039 -0.0219 0.880 
EURM3 0.0054 0.0030 0.3758 1.0624 0.0163 0.0051 -0.0030 8.449** 
Wrd_real 0.0090 0.0522 0.1560 1.8597 0.2002 0.0116 -0.1243 17.579*** 
Euro_real 0.0112 0.0431 -0.3219 0.5933 0.1359 0.0115 -0.1022 3.883 
Underwriting mean sd skewness kurtosis Max median min 
Ind_fire 803,228.2  1,240,581.2  2.521 6.028 6,186,363.1  295,276.2  949.3  
HO_fire 2,228,594.6  991,556.9  -0.238 0.042 4,663,559.9  2,251,845.3  25,119.4  
Other_fire 1,313,010.5   917,484.8  1.054 0.543 4,146,761.6  984,767.3  3,384.7  
HH_storm 44,862.9  74,288.1  4.431 26.823 594,514.1  18,223.3  0.0                      
HO_storm 1,833,345.2  3,990,165.4  6.633 53.926 37,075,463.2  462,420.4  5,411.4  
Water 4,007,250.9  1,445,809.7  -1.097 2.166 7,930,423.2  4,277,080.0  101,092.1  
Note: In panel A, MSCI stands for Morgan Stanley Capital International and EMU stands for European Monetary Union. 
*,**,*** indicate that the p-value is less than the significance levels, 10%, 5% and 1% respectively. JB-test stands for 
Jarque-Bera test for normality assumption on the residual. Underwriting statistics are in € (Euro). 

                                                           
42  The portfolio consisting of bonds, stocks, real estate and money market securities accounts for 99.5% of all 

investments by insurance companies (Eling et al., 2009). The equity and real estate indices are the performance 
indices counting the dividend reinvestment performance provided by MSCI.  

43  Due to the limitation of available claims data, we test the model with German portfolios for a shorter period 
than with the Korean data. However, the implementation with the German data is meaningful because it can 
describe the adequacy of the estimated model in the different period (effectiveness for pre-financial crisis in 
2008) and different market (European market vs. Asian market) as well as the firm size (large insurer vs. mid-
sized insurer). Note that this underwriting dataset has been also used in Diers et al. (2012), who also investigates 
the adequacy of dependence models for the underwriting risk aggregation. 
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Marginal modeling 

ARMA-GARCH fit is implemented for the asset portfolio and 12 distribution candidates are 

applied to the insurance portfolio, showing that skewed and long-tailed distributions are also 

mainly fitted for the German assets (see table G2).  

Table G2. Fitting Distributions for Asset and Insurance Portfolios 

Panel A: Asset portfolio 
 ARMA-order AIC for ARMA Fitted distribution AIC for GARCH 

Wrd_stock (0,0) -379.11 Skew normal -396.16 
EMU_stock (2,2) -322.21 Skew student -351.18 
DE_stock (0,0) -269.68 Skew student -282.58 
US2Y (1,0) -819.58 Normal -822.95 
DE2Y (2,3) -916.45 Normal -934.22 
EMU2Y (1,1) -699.01 Normal -735.19 
IBOXX corp (3,0) -720.41 Normal -729.12 
EURM3 (3,3) -954.08 Skew normal -973.93 
Wrd_real (3,1) -346.53 Skew student -355.91 
Euro_real (0,1) -367.46 Normal -380.42 

Panel B: Insurance portfolio 
 Ind_fire HO_fire Other_fire HH_storm HO_storm Water 

Skew Normal 3,359.63 
(0.426***) 

3,452.52 
(0.549***) 

3,369.76 
(0.428***) 

2,732.08 
(0.274***) 

3,604.26 
(0.426***) 

3,572.18 
(0.600***) 

Student-t 3,145.12 
(0.683***) 

3,516.66 
(0.637***) 

3,390.33 
(0.693***) 

2,795.55 
(0.487***) 

3,295.83 
(0.655***) 

3,635.47 
(0.633***) 

Skew student-t 3,128.23 
(0.056) 

3,337.36 
(0.309***) 

3,246.36 
(0.109) 

2,514.79 
(0.075) 

3,292.71 
(0.093) 

3,457.85 
(0.441***) 

Lognormal 3,137.60 
(0.103) 

3,391.84 
(0.267***) 

3,285.51 
(0.148**) 

2,529.24 
(0.077) 

3,289.55 
(0.095) 

3,520.44 
(0.377***) 

Gamma 3,140.02 
(0.133**) 

3,337.01 
(0.210***) 

3,247.31 
(0.087) 

2,514.24 
(0.079) 

3,310.62 
(0.164***) 

3,455.35 
(0.345***) 

Weibull 3,134.27 
(0.100) 

3,311.14 
(0.141**) 

3,244.18 
(0.068) 

2,509.65 
(0.073) 

3,300.03 
(0.149**) 

3,409.59 
(0.282***) 

Inverse Gaussian 3,256.48 
(0.411***) 

3,462.41 
(0.428***) 

3,418.60 
(0.421***) 

2,958.41 
(0.776***) 

3,337.78 
(0.213***) 

3,582.77 
(0.506***) 

Cauchy 3,203.37 
(0.220***) 

3,321.02 
(0.078) 

3,289.30 
(0.139**) 

2,606.33 
(0.252***) 

3,381.99 
(0.264***) 

3,309.34 
(0.062) 

Burr 3,499.17 
(0.509***) 

3,907.38 
(0.540***) 

3,759.83 
(0.540***) 

2,813.60 
(0.501***) 

3,669.61 
(0.529***) 

4,048.19 
(0.536***) 

GPD 3,128.36 
(0.070) 

3,315.54 
(0.240***) 

3,247.90 
(0.114) 

2,509.01 
(0.061) 

3,289.94 
(0.114) 

3,430.96 
(0.369***) 

POT 90% 
(Norm-GPD) 

3,267.40 
(0.215***) 

3,296.22 
(0.070) 

3,266.07 
(0.160***) 

2,639.78 
(0.201***) 

3,451.95 
(0.220***) 

3,371.74 
(0.246***) 

POT 90% 
(Lognorm-GPD) 

3,513.02 
(0.657***) 

3,403.94 
(0.389***) 

3,797.46 
(0.741***) 

2,552.05 
(0.207***) 

3,709.15 
(0.694***) 

4,085.97 
(0.742***) 

Note: The numbers in the parentheses are Kolmogorov-Smirnov statistics and *,**,*** indicate that the p-value is less than 
the significance levels, 10%, 5% and 1% respectively. The bold indicates the best fit for each insurance claims distribution. 

Dependence modeling 

With the fitted marginal factors, we carry out the same set of the dependence models as done 

with the Korean data and panel A of table G3 presents testing results for such dependence 

models.  
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Table G3. Dependence Modeling Results 

Panel A: Statistical testing for the dependence modeling at the base level 
  Asset Portfolio Insurance Portfolio 

Family Copula Log-lik AIC GoF Log-lik AIC GoF 

Elliptical 
Gaussian 236.12 -382.24 0.016 175.74 -321.47 0.119*** 
Student-t 256.51 -421.02 0.019* 175.75 -319.49 0.100*** 

Archimedean 
Gumbel 8.81 -15.62 0.015 76.87 -151.73 0.230*** 
Clayton 23.86 -45.72 0.011 122.78 -243.56 0.055 

HAC 
Gumbel 182.86 -347.72 0.175 142.77 -275.54 0.642 
Clayton 204.12 -390.24 0.175 162.36 -314.73 0.759 

PCC R-Vine 289.42 -522.83 108.00 203.00 -374.00 56.43 
Bernstein (D-Vine) 278.95 -41.06 - 181.88 -73.72 - 

Panel B: Dependence parameters in the first tree at the base level (R-Vine) 
Copula Parameter Lower-tail 

dependency 
Upper-tail 

dependency 
Asset Portfolio 
𝜃𝜃3,8;𝑅𝑅𝐷𝐷𝐷𝐷𝑎𝑎𝑎𝑎𝑐𝑐𝑖𝑖𝑘𝑘,𝐷𝐷𝐸𝐸𝐾𝐾𝐾𝐾3 (Gumbel) 1.09 - 0.116 
𝜃𝜃2,4;𝑅𝑅𝐷𝐷𝐾𝐾𝐸𝐸𝑎𝑎𝑎𝑎𝑐𝑐𝑖𝑖𝑘𝑘,𝐸𝐸𝑈𝑈2𝑌𝑌 (90° Rotated Joe) -1.73 - - 
𝜃𝜃3,2;𝑅𝑅𝐷𝐷𝐷𝐷𝑎𝑎𝑎𝑎𝑐𝑐𝑖𝑖𝑘𝑘,𝐷𝐷𝐾𝐾𝐸𝐸𝑎𝑎𝑎𝑎𝑐𝑐𝑖𝑖𝑘𝑘 (Survival Gumbel) 2.39 0.663 - 
𝜃𝜃1,3;𝑅𝑅𝑊𝑊𝑖𝑖𝑑𝑑𝑎𝑎𝑎𝑎𝑐𝑐𝑖𝑖𝑘𝑘,𝐷𝐷𝐷𝐷𝑎𝑎𝑎𝑎𝑐𝑐𝑖𝑖𝑘𝑘 (Student-t) 0.81/2.53 0.583 0.583 
𝜃𝜃6,7;𝑅𝑅𝐷𝐷𝐾𝐾𝐸𝐸2𝑌𝑌,𝐼𝐼𝐼𝐼𝐼𝐼𝑋𝑋𝑋𝑋𝑖𝑖𝑐𝑐𝑖𝑖  (Survival Gumbel) 3.18 0.756 - 
𝜃𝜃5,6;𝑅𝑅𝐷𝐷𝐷𝐷2𝑌𝑌,𝐷𝐷𝐾𝐾𝐸𝐸2𝑌𝑌 (Survival Clayton) 0.30 - 0.098 
𝜃𝜃9,1;𝑅𝑅𝑊𝑊𝑖𝑖𝑑𝑑𝑖𝑖𝑎𝑎𝑎𝑎𝑙𝑙 ,𝑊𝑊𝑖𝑖𝑑𝑑𝑎𝑎𝑎𝑎𝑐𝑐𝑖𝑖𝑘𝑘 (Student-t) 0.48/2.60 0.328 0.328 
𝜃𝜃9,5;𝑅𝑅𝑊𝑊𝑖𝑖𝑑𝑑𝑖𝑖𝑎𝑎𝑎𝑎𝑙𝑙 ,𝐷𝐷𝐷𝐷2𝑌𝑌 (Frank) 1.56 - - 
𝜃𝜃10,9;𝑅𝑅𝐷𝐷𝐸𝐸𝐾𝐾𝑖𝑖𝑎𝑎𝑎𝑎𝑙𝑙,𝑊𝑊𝑖𝑖𝑑𝑑𝑖𝑖𝑎𝑎𝑎𝑎𝑙𝑙  (Survival Joe) 1.91 0.563 - 

Insurance Portfolio 
𝜃𝜃2,6;𝑅𝑅𝐻𝐻𝐼𝐼𝐻𝐻𝑖𝑖𝑖𝑖𝑎𝑎,𝐻𝐻𝐼𝐼𝑑𝑑𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖  (Survival Joe) 1.83 0.540 - 
𝜃𝜃2,3;𝑅𝑅𝐻𝐻𝐼𝐼𝐻𝐻𝑖𝑖𝑖𝑖𝑎𝑎,𝐼𝐼𝑎𝑎ℎ𝑎𝑎𝑖𝑖𝐻𝐻𝑖𝑖𝑖𝑖𝑎𝑎  (Survival Joe) 1.93 0.569 - 
𝜃𝜃4,1;𝑅𝑅𝐻𝐻𝐻𝐻𝑎𝑎𝑎𝑎𝑐𝑐𝑖𝑖𝑚𝑚,𝐼𝐼𝑁𝑁𝐷𝐷𝐻𝐻𝑖𝑖𝑖𝑖𝑎𝑎 (Survival Gumbel) 1.44 0.383 - 
𝜃𝜃5,2;𝑅𝑅𝐻𝐻𝐼𝐼𝑎𝑎𝑎𝑎𝑐𝑐𝑖𝑖𝑚𝑚,𝐻𝐻𝐼𝐼𝐻𝐻𝑖𝑖𝑖𝑖𝑎𝑎  (Survival Gumbel) 1.62 0.467 - 
𝜃𝜃5,4;𝑅𝑅𝐻𝐻𝐼𝐼𝑎𝑎𝑎𝑎𝑐𝑐𝑖𝑖𝑚𝑚,𝐻𝐻𝐻𝐻𝑎𝑎𝑎𝑎𝑐𝑐𝑖𝑖𝑚𝑚 (Gaussian) 0.93 - - 

Panel C: Statistical testing at the top level 
 R-Vine (Base level) Linear (Base level) 

Statistics P-value Statistics P-value 
Independence test 0.8083 0.419 0.2283 0.819 

Elliptical 
Gaussian copula 0.1293 0.415 0.1795 0.217 
Student-t copula 0.1639 0.260 0.1979 0.167 

Archimedean 
Gumbel copula 0.1295 0.376 0.1751 0.238 
Clayton copula 0.1585 0.282 0.2140 0.157 

Note: The table shows the statistical testing results for dependence models (panel A), estimated parameters only in the first 
tree of the structure representing the strongest dependency in the structure (panel B) and goodness-of-fit test results for the 
top-level dependency (panel C). The numbers of the goodness-of-fit results in Panel A indicate the test statistics except for 
those of HAC models showing p-values (see footnote 29). *,**,*** indicate that the p-value is less than the significance 
levels, 10%, 5% and 1% respectively. The bold in Panel A indicates the best fit method for each portfolio. The parametric 
R-Vine is sequentially determined by R-package VineCopula. The subscripts of copulas in panel B indicate the following: 
Asset: 1=Wrdstock; 2=EMUstock; 3=DEstock; 4=US2Y; 5=DE2Y; 6=EMU2Y; 7=IBOXXcor; 8=EURM3; 9=Wrdreal; 
10=EUreal 
Insurance: 1=INDfire; 2=HOfire; 3=Otherfire; 4=HHstorm; 5=HOstorm; 6=HOwater 

It is observed that R-Vine model best describes the dependence structures of both portfolios 

and elliptical copulas demonstrate a better fit than HAC and Bernstein models as discovered 
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with the Korean data. For the top-level dependency in panel C, it can be concluded, based on 

the p-values, that the independence structure reflects the top-level structure of the German data 

better than other dependence structures under the correlation assumption by the standard 

models. The parameter estimation result by R-Vine shows that tail risks are observed in most 

pairs of both portfolios, particularly lower tail risks for the underwriting portfolio. 

Asset portfolio Insurance portfolio 

 
Figure G1. Graphical structure of dependency in the first tree. The estimated copula functions and their 
dependence parameters are illustrated at edges. The copula functions at edges are specified as follows: 
J: Joe; SG: Survival Gumbel; G: Gumbel; t: Student-t; SJ: Survival Joe; SC: Survival Clayton; F: Frank; 
N: Normal (Gaussian). 

Full application to risk measurement 

As a robustness of our finding from Korean case, we generate the economic capitals for the 

German data from different dependence structures. The result of the comparison between the 

estimates can be found in table G4. We can clearly observe that the top-level dependence 

structure of the German data ends up with the same result as in the Korean case, showing that 

the lowest level of capital is generated from the independence structure, whereas student-t and 

Gumbel capturing the correlated risk in the right tail produce higher levels. Similar patterns are 

identified at the base level in that the independence structure in the high-dimension significantly 

lowers the level of the economic capital and the Bernstein model estimates it between the 

parametric models and the independence model. 
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Table G4. Comparison with Regulatory Standards 

(in € million) 
Top-level dependence (Bivariate) 

Indep Gauss t Gumbel Clayton 

B
as

e 
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nc
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VaR at 
99% 

R-Vine 31.27 35.56 38.78 36.99 33.53 
Gauss 31.04 34.60 36.26 36.17 33.48 
t 32.93 36.23 38.87 37.86 35.58 
HAC-best 27.36 32.34 31.98 31.19 29.78 
HAC-worst 44.21 48.11 51.63 51.03 47.81 
AC-best 16.32 20.93 21.01 20.41 18.47 
AC-worst 33.06 36.17 38.30 37.96 35.62 
Independence 5.93 7.63 9.47 8.07 7.33 
Bernstein 22.64 26.65 27.39 27.32 25.07 

       

VaR at 
99.5% 

R-Vine 51.24 58.77 59.42 59.32 53.94 
Gauss 50.26 56.63 58.36 56.84 52.39 
t 52.76 59.03 60.51 59.71 55.24 
HAC-best 47.15 51.56 52.70 52.37 48.29 
HAC-worst 68.06 74.23 75.63 75.17 68.22 
AC-best 35.01 39.24 40.61 40.33 36.90 
AC-worst 54.21 59.48 62.32 61.18 55.40 
Independence 23.61 28.12 29.17 29.03 24.71 
Bernstein 42.02 46.56 47.28 46.82 42.12 

       

TVaR 
at 99% 

R-Vine 55.27 59.81 62.19 60.99 56.11 
Gauss 53.44 57.28 59.95 58.89 55.25 
t 56.05 59.98 62.84 62.08 57.54 
HAC-best 48.88 52.65 54.37 53.13 50.27 
HAC-worst 71.49 75.07 79.38 78.72 72.42 
AC-best 36.23 39.95 41.30 40.87 38.05 
AC-worst 56.54 60.32 64.11 63.80 58.44 
Independence 24.61 29.09 30.03 29.53 26.57 
Bernstein 45.03 47.95 50.00 48.91 45.68 

  K-RBC SII SST 
Standard models 45.51 80.68 94.39 
Note: HAC stands for hierarchical Archimedean copulas and AC indicates simple Archimedean copulas. The bold in the 
upper panel indicates the best fitted model for the empirical data. 

Application to asset allocation 

As done with the Korean case in table D2, we also investigate the effect of different asset 

allocation strategies with the German case. The corresponding regulatory measure (SII) and 

confidence level (VaR 99.5%) are used for comparison. Two examples of the allocation are 

considered in panel A of table G5, showing that the second case is riskier than the first case. 

The economic capital of the riskier case under the best fit model is 63.6% higher than that of 

the less risky case, implying that 1% increase in the portfolio volatility can lead to 6.72% 

increase in the economic capital. Therefore, the German case again confirms that a riskier asset 

portfolio can require a higher capital size for an insurer, possibly leading to an increase in the 

restructuring cost. It also supports the finding that the higher the risk is, the higher the difference 

between the internal and standard model is, showing 64.6% overestimation in the first case and 

77.4% in the second case. 
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Table G5. Diversified Investment Strategies 
Panel A: Asset allocations 
 Allocation 1 Allocation 2 
Equity Wrd_stock 10% 20% 

EMU_stock 10% 20% 
DE_stock 10% 20% 

Fixed income US2Y 10% 0% 
DE2Y 15% 0% 
EMU2Y 15% 0% 
IBOXX corp 10% 0% 

Money Market EURM3 0% 0% 
Real estate Wrd_real 10% 20% 

Euro_real 10% 20% 
Panel B: Application to the economic capital 

(in € million) 
Top-level dependence 

Indep Gauss t Gumbel Clayton SII 

B
as

e-
le

ve
l d

ep
en
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nc
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Allocation 1 
(VaR 99.5%) 
 𝜇𝜇=6.89% 
 𝜎𝜎=12.40% 

R-Vine 65.63 73.63 74.95 74.01 68.58 

108.0 

Gauss 65.07 70.68 72.31 70.74 65.67 
t 66.28 74.28 74.97 74.67 69.30 
HAC-best 60.42 64.73 65.87 65.56 60.64 
HAC-worst 82.75 90.48 91.79 90.97 82.98 
AC-best 40.34 44.50 45.87 45.44 41.80 
AC-worst 60.28 66.48 68.94 68.17 61.72 
Independence 26.99 31.48 32.85 32.42 27.61 
Bernstein 52.53 56.81 58.53 57.48 52.76 

  Indep Gauss t Gumbel Clayton SII 

Allocation 2 
(VaR 99.5%) 
 𝜇𝜇=9.84% 
 𝜎𝜎=21.86% 

R-Vine 107.37 117.08 118.47 117.43 110.68 

190.5 

Gauss 104.26 111.66 113.08 112.52 104.36 
t 111.16 120.90 122.49 121.40 112.54 
HAC-best 97.22 102.66 104.68 103.85 98.13 
HAC-worst 128.43 138.03 140.40 138.17 129.13 
AC-best 62.25 66.80 68.67 68.00 62.41 
AC-worst 84.75 92.31 95.32 93.51 85.40 
Independence 44.12 49.09 51.42 50.54 44.25 
Bernstein 85.51 91.58 94.23 92.13 86.94 

Note: 𝜇𝜇 is the mean of the portfolio and 𝜎𝜎 is the volatility of the portfolio on an annual basis. The bold in panel B indicates 
the best fitted model for the empirical data. 
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