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Abstract

We study fairness in tontines with heterogeneous cohorts, distinguishing be-
tween collective and individual fairness. For a given tontine, we show that col-
lective fairness is always achievable and that it widely implies individual fairness.
Furthermore, we study a utilitarian social planner setting up a tontine on behalf of
the heterogeneous collective and analyze the expected utility of pensioners. In par-
ticular, we compare the resulting collectively optimal tontine to existing schemes
in the literature and separate single-cohort tontines. We find that a tontine con-
structed by a social planner can outperform existing tontine schemes as it is able
to better reflect individual risk preferences.

Keywords: Tontine, optimal retirement product design, individual fair-
ness, collective fairness
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1 Introduction

Societal challenges have generated a growing stream of literature on innovative retirement
products providing random, mortality-linked benefits to pensioners. Such products are
known as pooled annuity funds, group-self annuitization schemes and tontines (cf. Pig-
gott et al.| (2005), [Sabin, (2010)), Donnelly et al.| (2014), [Milevsky and Salisbury| (2015))).
Although they carry different names, all these products have the similarity that a pool of
pensioners shares mortality risks. Given a large enough pool, the idiosyncratic mortality
risk can be diversified, while the pool shares the systematic mortality risk. Among the
main challenges of these products lies the fact that pensioners with different age and
wealth typically cannot be simply joint in one and the same scheme without discriminat-
ing at least some pensioners. While the majority of the literature in this field assumes a
homogeneous pool for analytical convenience (e.g. Milevsky and Salisbury| (2015), |Chen
et al.| (2019 2020)), there is also some literature dealing with heterogeneous cohorts
(e.g. [Sabin| (2010), Donnelly et al. (2014)), [Milevsky and Salisbury (2016), and |Chen
et al. (2021c)). Milevsky and Salisbury| (2016)) come up with the concept equitability, a
weaker concept than fairness, which states that each individual loses an identical fraction
of their wealth if participating in the tontine with mixed cohorts. (Chen et al. (2021c)
determine the optimal payment design for a given policyholder in a tontine with mixed
cohort, and do not find a unique withdrawal rate which satisfies the fairness condition
simultaneously for all the individuals. In this article, we show that individual fairness is
achievable in a closed scheme with heterogeneous cohorts as introduced in |Milevsky and
Salisbury| (2016]) and extend their article by considering a tontine scheme generated by a
social planner which is optimal for the collective of pensioners with potentially different

utility preferences.

Actuarially fair annuities are typically considered to be the optimal source of retirement
income (Yaari (1965)). However, the inclusion of safety loadings in annuity premiums
opens a market for mortality risk-carrying products like tontines, which contain lower
safety loadings than annuities because providers do not promise guaranteed benefits
(Milevsky and Salisbury| (2015)), |Chen et al.| (2020))). In fact, given a sufficiently large
pool of policyholders, safety loadings can be nearly neglected in tontines entirely (Chen
et al. (2019)). Thus, if tontines can be designed fairly for each participant, they could
be offered at (almost) actuarially fair prices, a huge advantage for any retiree who is not

fond of full annuitization[[] We therefore believe that it is important to extend the article

!'Naturally, there will still be some fees, but these will be small compared to annuities, as pointed



Milevsky and Salisbury (2016]) to actuarially fair tontines for heterogeneous groups. In
particular, we follow Milevsky and Salisbury| (2016)’s tontine design and assume that
individuals participate in the collective withdrawal rate by deterministic participation

rates.

In this article, we distinguish between collective and individual fairness. In the latter one,
we postulate that, for each policyholder, the expected present value of future benefits shall
be equal to the single up-front premium paid by this policyholder. Collective fairness is
a weaker requirement as it only requires the present value of future benefits that the pool
receives to be equal to the sum of the initial up-front premiums. Hence, it is clear that
individual fairness implies collective fairness. We extend the model setup in |Milevsky and
Salisbury (2016)) by including systematic mortality risk and prove that the design they
propose is not collectively fair, which prohibits it from being individually fair for all the
individuals. Consequently, we propose an alternative way to design the withdrawal rate
which ensures collectively fairness. Furthermore, we then derive conditions under which
individual fairness is achievable and show that it is widely possible to achieve individual

fairness.

In the second part of this paper, we analyze the expected discounted lifetime utility of
individual tontine participants. While it is clearly not possible to achieve a withdrawal
rate which optimizes the expected discounted lifetime utility of each cohort simultane-
ously (Chen et al.| (2021c))), we are interested in the performance of a social planner
maximizing the weighted sum of the individual utility functions to achieve a withdrawal
rate which is at least optimal for the collective of heterogeneous policyholders. This type
of collective utility function is frequently considered in the finance literature, see e.g.
Wilson| (1968), Dumas| (1989), Weinbaum| (2009) and |Jensen and Nielsen| (2016). The
resource constraint of the social planner is the collective fairness criterion and we assume
that the social planner chooses the participation rates in the mixed-cohort tontine in
such a way that individual fairness is fulfilled. The concept of “participation rate” is
taken from |Milevsky and Salisbury| (2016). It reflects the contract price for different
policyholders, particularly with various ages and the relative survival benefit one could
get out of a tontine contract. A lower participation rate implies a higher contract price
for the policyholder. We then compare the resulting withdrawal rate to tontines with
homogeneous cohorts as well as the proportional and natural tontine as introduced by
Milevsky and Salisbury| (2016). We find that all these tontine schemes deliver approx-

imately identical certainty equivalents under logarithmic utility. Under heterogeneous

out in e.g. (Chen et al.| (2021al).



power utility preferences, however, we find that the social planner and the single-cohort
tontines clearly outperform the proportional and natural tontine. The reason for this is
that the natural and proportional tontine are unable to take into account the degrees of
relative risk aversion of policyholders. In contrast to [Milevsky and Salisbury (2016), we
find that the benefits of pooling heterogeneous cohorts do not clearly exceed the benefits

of individually utility-maximizing withdrawal rates in single-cohort tontines.

The remainder of this article is structured as follows: In Section [2| we consider a ton-
tine with a given withdrawal rate and derive conditions under which such a tontine is
collectively and individually fair. In Section [3| we then solve the collective optimization
problem of the social planner and analyze the expected discounted lifetime utility of
the heterogeneous policyholders. In Section [l we conclude. Some proofs and technical

details as well as a pseudo code are collected in the appendix.

2 Achieving fairness in given tontines

In this section, it is our goal to derive conditions under which fairness in mixed-cohort
tontines can be achieved, if withdrawal rates are assumed to be given. In particular, it
is not the goal of this section to derive individually utility-maximizing withdrawal rates
as, for instance, done in |[Milevsky and Salisbury| (2015) and |Chen et al.| (2019, [2021c]).

2.1 Model setup

We consider L cohorts that differ in initial wealth, age and risk preferences. We denote
the initial size of cohort j € {1,...,L} by n;, the age of the members in cohort j
by x; and the initial wealth of a member of cohort j by w;. We assume that the
members in each cohort are identical copies of each other. The total initial pool size is

then n=n;4+---+ngp.

The remaining lifetime of policyholder ¢ will be denoted by T; for ¢ = 1,...,n. The
(possibly stochastic) force of mortality of each member is p,.s, i.e. all the mem-
bers are subject to the same mortality law (but still differ in their ages). We use
Fi = 0({itars}s<t) to denote the sigma-algebra containing the information regarding

the systematic mortality risk up to time ¢. Furthermore, we introduce the notation
S(t) =E [1{T>t} | ft] = ¢ Jo Hotsds
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for the random survival probabilities conditional on the systematic mortality outcome.

The (deterministic) survival probabilities are then given by
s5:(t) =E [Lirsy] =E[E [Lirsy | F]] =E [6— X uzﬂds} ‘

The number of policyholders alive at time ¢ is then given by

where (N;(t) | F¢) ~ Bin(n;, S;,(t)) . Conditional on F;, the overall number of living

policyholders N(t) follows a Poisson Binomial distribution.

Following Milevsky and Salisbury| (2016)), the payoff to an individual policyholder is given
by

(L) 1= wa(t) - —

T 1
> mjw; Ny (t) e .

where d(t) is a deterministic withdrawal rate specified at the beginning of the contract
and w = 2{;1 n;w; is the total initial wealth from all the cohorts. m; is the so-called
participation rate, or, in other words, 1/m; can be interpreted as the share price for an
individual ¢ to participate in the tontine product. The main purpose of this parameter
is to arrive at a higher level of fairness among heterogeneous policyholders, particularly
those with different ages. Thinking of policyholders with different ages, with all the
other parameters being identical, roughly speaking, the older shall be entitled to higher
tontine payments, as the entire period during which they obtain payoffs is expected to
be shorter. In this sense, the participation level for older policyholders shall be higher,
or equivalently, the share price for older policyholders shall be lower. The quantity m;w;

can be considered as the number of shares of individual 7.

In the remainder of this section, we will assume that d(¢) is a given withdrawal rate and
analyze under which conditions fair participation rates m; exist and whether they are

unique.

2.2 Collective and individual fairness

In this article, we disregard financial market risk to focus exclusively on mortality risk.

Let r be the risk-free interest rate. The actuarial premium for an individual j in a
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given cohort can be computed as the expected present value of the benefits:
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Using , we can now specify the term “fairness”.

Definition 2.1. We distinguish between collective and individual fairness:

e Individual fairness is defined for a member in cohort j € {1,...,L} if w; = Pg :

e (Collective fairness is defined as
n L A
w=>» Py=> n;P.
i=1 j=1

If individual fairness holds for all the individuals in the mixed cohorts, it implies the
collective fairness. However, the reverse does not hold through. Milevsky and Salisbury
(2016)) have shown that their design is not collectively fair (and thus cannot be individu-
ally fair for all policyholders). For the sake of completeness, we briefly want to show that
their design is not collectively fair in our slightly generalized setting and, particularly,

discuss the main assumption responsible for this result.

Proposition 2.2. Following |Milevsky and Salisbury (2016)), i.e. particularly assuming
that

/ e "d(t)dt = 1,
0
the mixed-cohort payoff design in 1s mot collectively fair.

Proof. First, note that the premium charged from the collective, or in other words, the
sum of the individual premiums, is given by
n n )
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and 7; and w; are identical within the cohorts. It has then the consequence

n

1-JJa-

j=1

ZPg:/ e "wd(t)E
j=1 0

</ e "wd(t)dt = w.
0

S, (t))] dt

(3)

The inequality in shows that the fairness does not hold in the mixed-cohort tontine

on the collective level.

]

Milevsky and Salisbury| (2016)) assume that the withdrawal rate d(t) is chosen in such a
way that the tontine provider makes payments up to an infinite time horizon although
no living policyholders are left, or, in other words, they assume that the pool contains
at least one policyholder who lives forever. Since the tontine pool size considered here is

finite and since it is not possible for a policyholder to live forever, we slightly adjust the



constraint on the withdrawal rate d(t). For this, we introduce the notation

Py =E |:/ €rtd(t)]1{N(t)>o}dt]
0

::Ame”ﬂwE

i.e. wP, denotes the present value of payments that the tontine provider pays out to the

1—ﬁu—%@4@

J=1

policyholders.

Proposition 2.3. If Py =1, the mized-cohort payoff design in 18 collectively fair.

Proof. 1t is a straightforward calculation (see the proof of Proposition to show that

iiﬁzw%.
j=1

Hence, assuming Py = 1 directly leads to the collective fairness. O

Given that the collective fairness is fulfilled, it seems natural to examine whether there
are some choices of 7y, ..., 7 such that the individual fairness is additionally fulfilled.
For the case with two cohorts L = 2, we can theoretically show that individual fairness

for all individuals can be ensured under mild assumptions.

Proposition 2.4. Let L =2 with ny >0, no >0, w; >0, wy > 0, assume that the

collective fairness is fulfilled, i.e.
PO - ]-) (4)

and that

nw, < Nas (1 — [T emtd)E[L — (1— S, ()™] dt

Further, assume without loss of generality that m, = 1. Then, there exists a unique value

o such that the individual fairness is satisfied for both cohorts.

Proof. We want to have

w; = P}, i=1,2. (6)



Now we set m; := 1 without loss of generality. Under this specification, we get:

Plz/ ‘”E[ d(t ! 1 }dt,
0 0 © v ()wlNl(t)+w27T2N2(t) tn=1

ToWs

P2:/ ‘Tt]E{dt 1 ]dt.
0 0 ¢ v ()wlNl(t)+w27r2N2(t) {T2>t}

Note that for @ to be fulfilled, it suffices to find w5 such that w; = Pol. Once this
is fulfilled, the second condition wy = B} follows directly from the collective fairness

condition (4). Tt is clear that B} : [0,00) — (O J e R [%t):“.{T1>t}:| dt], Ty

Py () is a strictly decreasing and thus bijective function in 7y . Therefore, if

wy < /Ooo e "R {?\}ffég ]1{T1>t}} dt, (7)

it follows that there exists a unique positive number 73 such that BPj(7}) = w;.

Note that

< d(t) L wd(t) ny
e”]E[w Lo, ]dt / et Y g Lopon | dt
/0 Nl (t) {T1>t} ) n Nl (t) {T1 >t}

_ / T 1 _ g, @) ar

ni

- /0 et (wl T ”2w2) ABE[L — (1 = S, (¢)™] dt

ni

_— / T et AR — (1— S, (£)"] dt

Hat2 / T et AE L — (1= S, (1)™] dt.

ni

With this, we can reformulate to . O

Note that for larger values of n;, the denominator in (5)) will be close to zero, because
Jo e d(t)E[1 — (1 — Sy, (t))™] dt is close to 1. Thus, in realistic situations with appro-

priate pool sizes, individual fairness is achievable.

Next, we prove that for any cohort size, given the existence of a set of fair participation
rates, this set is unique up to multiplicative constant. For this, we directly follow a proof
provided in [Milevsky and Salisbury (2016)).

Proposition 2.5. Let L > 2 and d(t) be given with n; >0 and w; > 0 and assume

that a set of fair participation rates m = (my,...,7) with m; € (0,00) exists. Then,
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this set is unique up to a multiplicative constant.

Proof. The proof follows similar steps as the proof of Theorem 4(a) in Milevsky and
Salisbury! (2016) and is provided in Appendix for the sake of completeness. n

The questions is now whether a set of fair participation rates exists for larger numbers

of cohorts L > 3. For such a number of cohorts, we get:

oo B i wl
wy —/ e ""E |wdl(t) Liryse | dt,
0 wiNi(t) + Y5 wymNy(8)
wi= [ e E |wd(t) il Ligony | dt, i=2,...,L— 1.
/o wiNy () + 307 wim; N (t) el

Note that we can again omit the last equation (i = L) due to the collective fairness.
Therefore, we have L — 1 nonlinear equations and L — 1 unknowns (7g,..., 7). In the
following, we consider the expected present values of future benefits P} as functions of

the participation rates. Note that these functions

Py : (0,00) — O,/ e ""E |wd(t) o Lirey | dt |,
0 ( 0 wlNl(t)‘i‘Zf:gwjﬂij(t) e

Ty —> P01(7T2),

. S [ 7Tw
P :(0,00) — (0,/ e ""'E |wd(t) T— H{Ti>t}] dt) ,
0 i wiN1(8) + D25 i1 WiT N (1)
7T7;+1|—)P(§(7T¢+1), 1=2,...,L—1
are strictly decreasing in my and iy, treating m;, j =3,...,L and 7, j # 1+ 1
as given constants, respectively. In other words, for any values of 7;, j = 3,...,L,

fulfilling

w1

wd(t)wlNl () + Y5y wym; Ny (t)

w; < / 6_TtE :H-{Ti>t}] dt, (8)
0
we can find a unique value 75 such that Pj(m5) = w;. Similarly, for any values 7,
J # 1+ 1 satisfying
w; < / e "E Tt
0

wd(t) 7
wi Ny (t) + ijz,j;éiﬂ w;m;N; (1)

1{n>t}] dt, (9)




we can find a unique value 7, such that Pj(7};) = w;. Thus, we can successively
determine all the values 7, ..., 77 until all the fairness conditions are met. This can,

for instance, be done using the numerical procedure provided in Appendix [B]

2.3 Numerical example

Throughout the numerical analyses, we rely on a shocked Gompertz law. The deter-
ministic Gompertz law (see (Gompertz| (1825)) is frequently used in actuarial science,
particularly for retirement planning (see e.g. Milevsky| (2020)). In this paper, we follow
e.g. [Lin and Cox (2005 and apply a stochastic shock to this deterministic mortality law
to take account of the systematic mortality risk. Such a model can be motivated by the
fact that regulators in many countries require insurers to test their balance sheet against
various stress scenarios. In total, the force of mortality is, for any x and ¢ > 0, given
by

z+t—m

Hztt = (1 - 6)56 by,

where m > 0 denotes the modal age at death, b > 0 is the dispersion coefficient and ¢
is a random shock taking values in (—oo, 1). Table [l| provides the base case parameters

used in the subsequent numerical analyses.

Cohorts Cohort sizes Initial wealth levels
L=3 n; = 500 wy = 100, wy = 200, ws = 300
Risk-free rate | Participation rate Initial ages
r=0.01 m =1 £L‘1:65,172:70,ZL‘3:75
Modal age Dispersion Longevity shock
m = 88.721 b=10 € ~ N(_o,1) (—0.0035,0.08142)

Table 1: Base case parameter setup. The index ¢ ranges from 1 to L.

The parameters are chosen due to the following reasons:

e For the overall pool size, we follow |Qiao and Sherris| (2013) who recommend a pool

size of at least 1000 for modern tontines.

e Based on the ongoing low interest rate environment across most countries, we set
the constant risk-free interest rate close to zero. For example, the German average
risk-free rate of investment in 2019 was 1.1% (see Statista (2019))).

10



e The ages of the retirees 65, 70 and 75 are typical retirement ages. The initial wealth
levels of the retirees increase in the age, since individuals who decide to postpone
their retirement have more years to earn income than individuals who retire at an

earlier age.
e For the values of m and b, we follow Milevsky and Salisbury| (2015)).

e Concerning the longevity shock €, we follow |Chen et al|(2019) and assume that it
follows a truncated normal distribution on the interval (—oo,1). The parameters
used for this distribution are also taken from |Chen et al. (2019).

As a simple example, we consider a flat tontine as defined in Milevsky and Salisbury

(2015), i.e. we consider a constant withdrawal rate

1

d(t) = d = .
Jy e B [1 =TTy (1= S, (1)

In Table [2| we present the resulting fair participation rates.

w; = 1007
n; = 100 n; = 500
r=T0| m =549 | my =06.57
r="T5|m3=11.76 | m3 = 15.16
w; = 100
n; = 100 n; = 500
r=T0| m =252 | m =2.93
r="75| m3=442 | m3=5.36

Table 2: Fair participation rates m, and 73 for the flat tontine. We rely on the param-
eters introduced in Table

Naturally, the participation rates increase with age, as older individuals are entitled to
higher retirement benefits. Furthermore, we observe that the participation rates increase
more steeply in the age if initial wealth levels are increasing in age as well. This is another
natural result, since individuals who make higher contributions are, by the individual
fairness, entitled to even higher benefits. Finally, we observe that an increase in the pool
size leads to a rise in the participation rate, but does not affect the relation between the

participation rates.
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3 Optimal tontine under fairness

3.1 Social planner’s problem

It is clear that the withdrawal rate d(¢) of the mixed-cohort tontine considered in this
article cannot be determined in such a way that the expected discounted lifetime utilities
of all cohorts are maximized, as it is frequently done for homogeneous-cohort tontines
(cf. Milevsky and Salisbury| (2015) and |Chen et al. (2019, 2020)). In the following,
we therefore choose a withdrawal rate d(¢) which maximizes a weighted sum of the
individual utility functions. In this sense, the resulting withdrawal rate d(t) is optimal
for the collective, but not optimal for a single cohort. In particular, this approach is
particularly different from the approach taken in Milevsky and Salisbury| (2016)), where
the natural tontine design introduced in |[Milevsky and Salisbury (2015)) is generalized to

heterogeneous cohorts.

Let U; be the utility function and p; be the subjective discount factor of individual
1. Furthermore, let fSi,...,05, be nonnegative numbers adding up to 1. Then, the

optimization problem of the social planner is given by

maxE | [ S e mtgu (wdt)- it Topondt
d(t) /() 2221: ﬁ < ( ) Zle ijij (t)) 5> ]
N N . (10)
subject to Z Pl = / e Mwd(t)E |1 — H(l — S, (t))] dt = w,
j=1 0 j=1

where w is the total initial wealth. If all the individual utility preferences are identical
and given by a log-utility function, we can find an explicit solution to this optimization

problem.

Theorem 3.1. Assume that U;(-) = In(-) for all i =1,...,n. Then, the optimization
problem has the following explicit solution:

S e PBE [Lins)
Ae—"E [1 ~ I, (=S, (t))]

a'(t) = (11)

where the Lagrangian multiplier is given by
A=) B / e "E [Lizi>n] dt.
i=1 0
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Proof. See Appendix [A.2] O

Note that the optimal withdrawal rate depends on individual discount factors, utility
weights and future lifetimes, but not on the individual participation rates. We can
therefore treat this withdrawal rate as given and proceed as described in Section [2| to

determine the individually fair participation rates.

If the utility functions are not identical, the expected discounted lifetime utility can be

rewritten in the following way:

S et (wa) - it Lorspdt
/0 ; ( W SE mwN () )Y

Jj=1

= E 6_pitBiUZ‘ (U]d(t) : it ) :H-{Ti>t}] dt
/0 ; I S mwi N (t)

Jj=1

E

* < | T, W,
- E [S..(0E |60, (wd(t)- i > 'ft,n->t ]dt
/0 ; i Sy miwi Ny (t)
- / ooimE S,.(OE | e B,U, (wd<t>- — > ‘}},Ti>t ]dt,
0 =1 Zj:l mjw;N;(t)

where we have used that the individuals within cohort ¢ are all identical copies of each

other, i.e. the expectations are identical and can be multiplied by n;. The Lagrangian

]dt

is given by
s L
c—[ >
0 =1

+ A (’w —/ e "wd(t)E
0

The first-order condition is then given by
> E
i=1

= e "wE

S,.(t)E

T, W;
e_pitnzﬂiUi U)d(t) . s ) ‘ E,E >t
( Sy miwy Ny (t)

1 ﬁ(1 ~ S, (t))] dt) .

j=1

Swz(t)E JT';&,E >t

—pit 3 17! . Tt ’ o
e B (wd(t) = ijij(ﬂ) U e (1)
1-JJa- s, (t))] :

J=1

|

To solve this equation, we need to rely on numerical procedures. In particular, we need

to simultaneously determine the optimal withdrawal rate d(t) and the individually fair

13



participation rates ;.

For our numerical analyses, we assume the utility functions to of the constant relative

risk aversion (CRRA) type, i.e. for v; > 0, the utility function U; is defined by

1—;
yl,—%’ Vi # 1
In(y), v =1.

Ui(y) =

In the utility function > Z;U;(-), we add different types of CRRA utility functions
U;. To make sure that the units in the collective utility function can be added, we need
to ensure that the weights 3; are chosen in such a way that S;U; owns the same unit

for all 7. This is e.g. ensured by the choice of weights

w 1 L
ﬁiz—L B w:ﬁ E Wy,
Zj:l njww i=1

which we have taken from |Chen et al.| (2021b)).

In this section, we fix the first two cohorts introduced in Table|l| as base case parameters.
This allows us to analyze wealth and utility transfers between two cohorts with differential
mortality in a similar way as, for instance, Bommier et al. (2011). Throughout the
numerical analyses, we assume p; = r to ensure a fair comparison between the tontine
of the social planner and Milevsky and Salisbury| (2016))’s designs. For the CRRA utility,
we assume that 73 =6 and v, = 8, i.e. risk aversion increases with age, as found in the
literature (at least from age 65 on, see e.g. Riley Jr and Chow| (1992) and DaSilva et al.
(2019)).

In Figure [I] we show the optimal withdrawal rate d(t) obtained under log utility and
power utility. Note that the optimal withdrawal rate under log utility is independent of
m and mo. For the power utility, we set 7 = 1 and my = 1.222 to achieve individual
fairness. We observe that the optimal withdrawal rate d*(t) is decreasing and therefore
coincides roughly with optimal withdrawal rates derived in the literature (cf. Milevsky
and Salisbury| (2015)). Furthermore, we observe that higher risk aversions lead individ-

uals to prefer a flatter withdrawal rate.
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Figure 1: Optimal withdrawal rate d*(¢) depending on time ¢ for log utility and power
utility with 3 = 6 and -, = 8. The parameters are chosen as in Table [l Furthermore,
we assume p; = 1.

3.2 Certainty equivalents and additional designs

We compare the social planner’s tontine to tontines with homogeneous cohorts set up
for each of the separate cohorts. Note that for such homogeneous-cohort-tontines, an
explicit solution to the optimal withdrawal rate exists under CRRA utility preferences
(see e.g. (Chen et al| (2019)). In addition, we take two designs introduced in [Milevsky
and Salisbury (2016) into consideration. First, the proportional tontine is specified by

njw; Sg;(t)
d(t) = Z Jw L. a )
j=1 i

where a,, = fooo e "'s,, (t)dt is the money’s worth of an annuity paying out 1 continu-

ously until death. Note that this design is not collectively fair, since

/ e "R
0

If we want to use this tontine structure in our setting, we can easily modify it to the

n

1-JJa-s, (t))] d(t)dt < / h e~td(t)dt = 1.

J=1

following collectively fair scheme:

1 L njw; . (t)
d(t) = A
E[1- T, - 5., (0)] 2o

1 zj
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In a final step, we can then choose the participation rates 7; in such a way that individual

fairness is achieved.

Furthermore, [Milevsky and Salisbury| (2016)) consider the natural mixed-cohort tontine,

specified by

dit) = =, ().

=1 Zi:l (g, T3 W;

where the weights 7; can be chosen arbitrarily. Note that this design is not collectively

fair either, since

/ e "R
0

Again, we can easily modify this withdrawal rate to the following collectively fair scheme:

n

1-JJa-S,, (t))] d(t)dt < / N e"td(t)dt = 1.

J=1

L
1 T W
d(t) = - Z . i 52, (1),
El- Hj:l(l - ij (t))] j=1 Zi:l Qg T Wy

in which we can again choose the participation rates in such a way that individual fairness

is achieved.

We analyze the utility benefit/loss generated by the collective problem by comparing
it to optimal solutions when they are treated as separated cohorts. To compare the
benefits resulting from the different tontines, we consider the certainty equivalent CE
as the level of the deterministic annuity payoff that yields the same expected utility as
a given mixed-cohort tontine. That is, the certainty equivalent CE; of individual i is

determined by

/ €_pit8$i (t)UZ<CE1) =K
0

e U, | wdl(t) - - Lir,spndt] .
/0 ( & S ijij(t)> s ]

j=1
Under CRRA utility functions, the certainty equivalent can be determined as

1

(=300 (O ko) ([ e ts(d) )77 321

el ({X(t)}tzo) (fooo e Pitsy, (t) dt) -t :

CE; =
Yi = 17

depending on whether power or log utility is used.
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3.3 Numerical results

In Table |3| we provide the certainty equivalents of the the mixed-cohort and the single-

cohort tontines for log-utility. We observe that the proportional and natural tontine

| 2=65]2=T70 m
niy = ne = 100
Homogeneous tontine | 5.423 13.09 -
Social planner 5.40 13.12  1.236
Proportional tontine 5.417 | 13.12 1.216
Natural tontine 5.416 | 13.13 1.216
ny = nNg = 500
Homogeneous tontine | 5.44 13.127 -
Social planner 542 | 13.130 1.230
Proportional tontine 5.43 13.14 1.211
Natural tontine 5.43 13.14 1.211

Table 3: Certainty equivalents obtained under log-utility. We rely on the parameters
introduced in Table |1} and the participation rates making the heterogeneous tontine
individually fair. Furthermore, we assume p; = r.

slightly outperform the social planner for both pool sizes considered. However, they
are unable to outperform the homogeneous tontines. In particular, we observe that the
younger cohort prefers the homogeneous tontine to the mixed-cohort tontines. This result
is reversed for the older cohort. All in all, the differences between the different tontine
designs are rather small. Furthermore, we observe that a rise in the pool size increases

all certainty equivalents, a natural result which is consistent with the literature.

In Table |4, we provide the certainty equivalents of the the mixed-cohort and the single-
cohort tontines for CRRA utility. We observe that the social planner and the homo-
geneous tontines now outperform the natural and proportional tontine. The reason for
this result is that both these tontine designs are generalizations of the natural tontine
introduced in Milevsky and Salisbury| (2015) which is optimal for a log-utility maximizer.
Furthermore, we observe again that the younger cohort prefers the homogeneous tontine
to the mixed-cohort tontine set up by the social planner. This result is reversed for the
older cohort. It is therefore not clear which approach of the two should be preferred
and, therefore, one might as well argue that the decision to set up a single tontine with
heterogeneous cohorts or separate tontines with homogeneous cohorts could be left with

the provider of the plans.
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\ T =65 \ z="70 o
ny = ng = 100
Homogeneous tontine | 5.31 12.64 -
Social planner 5.27 12.89 1.236
Proportional tontine 5.16 12.00 1.216
Natural tontine 5.18 12.15 1.216
niy = ng = 500
Homogeneous tontine | 5.38 12.91 -
Social planner 5.36 13.02  1.222
Proportional tontine 5.28 12.68 1.211
Natural tontine 5.29 12,75 1.211

Table 4: Certainty equivalents obtained for v; = 6 and 7 = 8. We rely on the
parameters introduced in Table |1} and the participation rates making the heterogeneous
tontine individually fair. Furthermore, we assume p; = r.

4 Conclusion

This paper studies financial fairness in tontines with heterogeneous cohorts. The tontine
design we consider is the one introduced in Milevsky and Salisbury| (2016]). We distinguish
between collective and individual fairness, show how the equitable design in Milevsky
and Salisbury| (2016) can be changed to achieve collective fairness and demonstrate that
collective fairness widely implies individual fairness. In the second part of this paper, we
consider a utilitarian social planner setting up a tontine on behalf of the heterogeneous
policyholders. We solve the collective optimization problem and assume that the social
planner ensures individual fairness for all individuals. Comparing the collectively optimal
tontine to separate, cohort-optimized tontines as well as the proportional and natural
tontine presented in Milevsky and Salisbury] (2016), we find that approximately identical
certainty equivalents are achieved under homogeneous log-utility preferences. However,
under higher and heterogeneous degrees of relative risk aversion, the social planner and
the homogeneous-cohort tontines outperform the proportional and natural tontine. In
contrast to [Milevsky and Salisbury| (2016), we are unable to show that the benefits
of pooling heterogeneous cohorts exceed the benefits of individually utility-maximizing

withdrawal rates in single-cohort tontines.

As a possible extension to this article, we might assume that policyholders are not only
heterogeneous in their ages and wealth levels, but, for example, also in their health status.
We might for example assume that each cohort can be split into two groups, where one
group has higher mortality rates (i.e. a lower health status) than the other group. We

might then also assume that the health status is correlated with the wealth, i.e. less

18



healthy individuals are also less wealthy. Such an additional degree of heterogeneity
would increase the diversity in the pool and might change the relation between the social

planner and the single-cohort tontines.
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A  Proofs

A.1 Proof of Proposition [2.5

Note that individual fairness is equivalent to

pJ

Y —1forallj=1...,L.

Wy
The proof now follows similar steps as the proof of Theorem 4(a) in |[Milevsky and Sal-
isbury (2016). Assume that 7 and 7 both fulfill individual fairness, are unequal and
are not multiples of each other. We use the notation Pg (m) throughout this proof to

emphasize the dependence of Pg on the different sets of participation rates. Define

7(s) := sm+ (1 — s)7. Then, we obtain

%Pg(w(s)) = /OOO e E

_ /°° e | wd(t) Sy wiNi(t) (mi(s)m(s) — WjQ(S)WQ(S))
’ (Zh m()waNi(h))

d m;(s)

wd(t)— Ler. dt
( )dS ZiLzl WZ(S)’U}lNZ(t) {Tj>t}]

]]_{Tj>t} dt

Here, it holds

mi(s)mi(s) — mi(s)mi(s) = (7 + s (mi — 7)) (75 — 75) — (M — ) (7j + s (75 — 75))

Now fix j such that 7;/m; is minimal. Then, it follows that is > 0 for all 7 and
> 0 for at least one i (because 7 is not a multiple of 7). Hence, %Pg is positive for

this j which implies 1 = PJ(r) < PJ(#) = 1, clearly a contradiction. O

A.2 Proof of Theorem 3.1

Note that we can rewrite the expected lifetime utility of the collective as

et B, In | wd(t) - it Log o pydt
/0 ; ( ) S mwi NG (t) et

=1

E
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—E /0 Ze it 3, (m ) 4 In(d(t)) + In (ZLZZM@))) ﬂ{TiN}dt]

= /0 ZZI e Pt BT (ln(w) +1In(d(t)) + In <Zf_1 W;ijNj (t))) ]l{Ti>t}] dt.

The first-order condition is therefore:

n

. 1 B
;6 Pltﬁi@E [H{Tz‘>t}] — e t]E

1—Hﬂ—&ﬁ4,

j=1
which delivers

(1) = S ¢ AR [Lron]
Py [1—H] (11— ij(t))]

The Lagrangian multiplier A is obtained from the budget constraint as follows:
o0 rePEBE [Ty, -
1 :/ efrt 22216 ﬁ [ {Tz>t} H dt
0 M%Eb—ngu—&ﬁﬂ i
/ e plt@ (L, >t}}d

S A= / Z €7pit5iE [H{Ti>t}] dt.
=1

B Pseudo code for determining the fair participation

rates

For a given withdrawal rate, the following pseudo code finds the fair participation rates

T1ye ., T -

1. Fix a tolerance level tol and initialize all the necessary parameters.

2. Specify upper and lower bounds 7%, ..., 7% and wb,... 7t for m,..., 7 and set
m = 3(m + ) for i =2,..., L such that (8) and (9) are fulfilled.
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3. Compute P .
4. While |Py — wy| > tol

(a) Specify upper and lower bounds 7%, ..., 7% and «%,... 7t for ms,..., 7 and
set m; = (w4 wl) for i =3,...,L such that (8) and (9)) are fulfilled.

2
(b) While |P? — wy| > tol
i. ... (Continue as in (a) and (b) for all i =3,..., L —2.)
ii. Specify upper and lower bounds 7% and 7} for 7 and set m = %(ﬂz +
1) such that () and (9) are fulfilled.
iii. While |PE™ —wy_4| > tol
A If P —wp 1 >0, set mp =7t
B. If P(f_l —wr—1 <0, set 7, =77 .
C. Compute Pf'.
iv. ... (Set all the m; values as in B and C for the corresponding i = L —
2,...,3.)
v. If P} —wy >0, set m3 =m}.
vi. If P?—wy <0, set m3 =Y.
vii. Compute P§.
(c) If Bt —w; >0, set my =7h.
(d) If P} —w; <0, set mp =7y

(e) Compute Py .

23


https://www.researchgate.net/publication/357857901

	Introduction
	Achieving fairness in given tontines
	Model setup
	Collective and individual fairness
	Numerical example

	Optimal tontine under fairness
	Social planner's problem
	Certainty equivalents and additional designs
	Numerical results

	Conclusion
	Proofs
	Proof of Proposition 2.5
	Proof of Theorem 3.1

	Pseudo code for determining the fair participation rates

